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Abstract— Decomposing data matrix into low-rank plus addi-
tive matrices is a commonly used strategy in pattern recognition
and machine learning. This article mainly studies the alter-
nating direction method of multiplier (ADMM) with two dual
variables, which is used to optimize the generalized nonconvex
nonsmooth low-rank matrix recovery problems. Furthermore, the
minimization framework with a feasible optimization procedure
is designed along with the theoretical analysis, where the variable
sequences generated by the proposed ADMM can be proved
to be bounded. Most importantly, it can be concluded from
the Bolzano–Weierstrass theorem that there must exist a subse-
quence converging to a critical point, which satisfies the Karush–
Kuhn–Tucher (KKT) conditions. Meanwhile, we further ensure
the local and global convergence properties of the generated
sequence relying on constructing the potential objective function.
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Particularly, the detailed convergence analysis would be regarded
as one of the core contributions besides the algorithm designs
and the model generality. Finally, the numerical simulations
and the real-world applications are both provided to verify the
consistence of the theoretical results, and we also validate the
superiority in performance over several mostly related solvers to
the tasks of image inpainting and subspace clustering.

Index Terms— Algorithm designs, convergence analysis, low-
rank matrix recovery, multiple variables, nonconvex alternating
direction method of multiplier (ADMM).

I. INTRODUCTION

IT IS well-known that low-rank matrix recovery problems
have a mass of real-world applications (e.g., recommen-

dation system [1], social network [2], background substrac-
tion [3], [4], subspace clustering [5], [6], and image classifi-
cation/inpainting [7], [8]) in pattern recognition and machine
learning. The popular methods consist of matrix completion
(MC) [9], robust principle component analysis (RPCA) [10],
low-rank representation (LRR) [11], robust MC (RMC) [12],
and their series of variants [13], [14]. In these methods, the
involved rank function (i.e., the number of nonzero singular
values of a matrix) is nonconvex and discrete [15], which
makes the minimization problem be NP-hard and not be
optimized easily. To solve these issues, some efforts have been
made by using convex and nonconvex substitutes along with
devising first-order optimization algorithms. Subsequently,
we provide some statements from two aspects.

1) To relax the rank function, nuclear norm (i.e., the
sum of all singular values of a matrix) and nonconvex
rank substitutes (e.g., Schatten-p norm [2] and trun-
cated/weighted nuclear norm [25], [26]) were studied for
the low-rank matrix recovery problems. As we know,
some nonconvex counterparts of L0-norm1 (e.g., L p-
norm [28], [29], minimax concave penalty (MCP) [30],
and smoothly clipped absolute deviation (SCAD) [31])
can be extended to substitute the rank function by act-
ing on the singular value elements, respectively. The
derivations rely on the intimate relationship between

1These nonconvex functions [18], [27] satisfy the Kurdyka–Łojasiewicz
(KŁ) inequality, which plays the key role for the global convergence property
of nonconvex first-order optimization algorithms.
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TABLE I

SEVERAL RELATED OPTIMIZATION ALGORITHMS FOR LOW-RANK MATRIX PROBLEM FORMULATIONS WITH SINGLE/MULTIPLE VARIABLES,

WITH/WITHOUT CONSTRAINTS, LOCAL/GLOBAL CONVERGENCE GUARANTEES AND NONLINEARIZATION

L0-norm and rank function, as well as between
L1-norm and nuclear norm [24]. The empirical results
have shown that nonconvex relaxations can obtain better
performance than convex cases, where the former can
avoid the imbalanced penalization of different singular
values, whereas the latter cannot.

2) To design the optimization algorithms, two popular first-
order solutions, i.e., alternating direction method of
multiplier (ADMM) [32]–[35] and accelerated proxi-
mal gradient (APG) algorithm [36]–[38], have been
employed to address the constrained and unconstrained
minimization problems. The constrained problems can
be transformed into unconstrained ones, such as joint
Schatten-p norm and L p-norm matrix (JSp L pNM) [2],
and the alternating direction method with contin-
uation (ADMc) [19]. Several nonconvex algorithms
listed in Table I (e.g., nonconvex ADMM with a
general step-size (ADM2GS) [4], proximal iteratively
reweighted nuclear norm (PIRNN) [18], general singu-
lar value thresholding (GSVT) [16], nonconvex LRR
(NLRR) [17], proximal alternating linearized minimiza-
tion (PALM) [23], and scalable proximal Jacobian iter-
ation method (SPJIM) [24]) were devised to achieve a
low-rank solver, respectively. In addition, the alternating
direction method with linear (ADML) constraints [20]
and with multiblock variables (ADM2B) [21] were also
considered for nonconvex and separable problems. The
convergence property of ADMM was analyzed for solv-
ing a family (ADM2F) of certain nonconvex consensus
and sharing problems in [22]. To make the compar-
isons, we conclude from [2], [16], [17], [19], [22],
and [39] that they can be guaranteed to have the local
properties, i.e., the proof process usually includes that
the values of the objective function are monotonically
decreasing over the iterations and then conclude that
there exists a subsequence converging to a stationary
point if the sequence is bounded. Relying on the popular
KŁ inequality, the convergence analysis in [4], [18],

[20], [21], [23], and [24] mainly include the global
convergence properties, i.e., the generated sequences are
Cauchy ones. However, none of the above considers the
local and global convergence guarantees of nonconvex
ADMM with two dual variables.

The convergence analysis should be provided for the further
statements and comparisons; some first-order algorithms of
Table I are briefly discussed as follows.

1) The proof routines of this work and some exist-
ing works (e.g., [4], [18], and [23]) mainly pro-
vide the global convergence guarantees. In the local
convergence analysis of several first-order optimiza-
tion algorithms (e.g., [16], [17], and [19]), they focus
on guaranteeing the limiting point of variable sub-
sequence satisfying the Karush–Kuhn–Tucher (KKT)
conditions.

2) To optimize nonsmooth, convex/nonconvex, and multi-
ple variable situations in the objective function, we can
observe that it needs to extend some existing results
in [2], [4], [19], [23], and [40] through the proper
arrangements.

3) To achieve the closed-form solvers of all the sub-
problems, various strategies could be used, such as
introducing some auxiliary variables, such as [2], [4],
and [19], or exploiting the linearized techniques, such
as [16]–[18], [23], and [24].

It follows from the survey works [14], [41] that the
traditional MC, RPCA, LRR, and RMC models involve
low-rank matrix plus additive one, in which the additive
measurements may represent convex/nonconvex relaxations of
L0-norm, L2,0-norm, and rank function. They mainly measure
the residual matrix or the coefficient one, respectively. Then,
we study the rank minimization problems

min
Z

λrank(Z) + ‖P�(D) − P�(Z)‖q
p (1)

min
Z

λrank(Z) + ‖D − AZ‖� (2)
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TABLE II

SEVERAL NONCONVEX RELAXATION FORMULAS OF L0-NORM AND THEIR PROXIMAL OPERATORS

where the parameter λ > 0, D ∈ R
m×n is a data matrix and

various choices of ‖·‖� and ‖·‖q
p in both problems (1) and (2)

show their generality for the residual descriptions. In detail,
when 0 < q ≤ 1, (1) becomes the RMC problem [2], [12].
Here, the identity matrix is denoted as I. When q = 2, it is
the MC problem [42]. When � = I and q = 1, it is the RPCA
problem [43]. Besides this, (2) is the LRR problem [11], [13],
[44]. When A = I, it becomes the RPCA problem [10], [43].

To solve problems (1) and (2), the existing works usually
choose the substitutes of rank function and loss function and
devise the efficient algorithms [14]. In this work, we mainly
consider a class of general problem formulation, denoted as

min
Z

fλ(Z) + g(D − A(Z)) (3)

where fλ(Z) is the substitute of rank(Z), g(D − A(Z)) mea-
sures the loss function, and A(•) can generalize P�(Z) and
AZ for problems (1) and (2), respectively. Moreover, prob-
lem (3) can be regarded as the unified minimization frame-
work of some existing low-rank matrix recovery models (e.g.,
joint Schatten- p norm and L p-norm case [2], and smoothed
LRR [45]) when the objective function involves various sub-
stitutes. In most cases, problem (3) can be optimized by
iteratively reweighted algorithms, such as [3], [18], and [46].
In addition, one may transform it into the equivalent problems
step in step as follows:

min
Z,E

fλ(Z) + g(E), s.t. E = D − A(Z) (4)

min
Z,E

fλ(Z) + g(E) + γ

2
‖A(Z) + E − D‖2

F (5)

where γ > 0 is the penalty parameter, problem (4) is the
constrained version of problem (3), and its penalty version is
problem (5). Here, when γ → +∞, problems (3)–(5) have
equivalent relations, and when the subproblems do not guar-
antee achieving the closed-form solvers, we need to introduce
the auxiliary variables, such as [4] and [47].

It can be concluded from the existing works that most of
the nonconvex optimization algorithms can be designed to
achieve a low-rank solver in general but lack the convergence
analysis, especially for global situations. This is due to the

fact that providing the global convergence guarantees is very
challenging for nonconvex, nonsmooth, and even multiblock
variables ADMM, as explained in [45] and [48]. However,
it will be very critical not only for theoretical support but also
for practical applications.

A. Notations

In this work, we employ capital letters to denote a matrix,
e.g., X ∈ R

m×n , and the lowercase letters to denote a vector,
e.g., x ∈ R

n , where R
m×n and R

n are the sets of all m × n
matrices and all n-dimensional vectors, respectively. Let SVD
be the simplified symbol of singular value decomposition,
and σi is the i th element of a singular value vector. Let
Di, j be the (i, j)th entry and ‖·‖L be the convex norms for
L1, L2, and L2,1; P�(Di, j ) equals to Di, j if (i, j) ∈ �;
otherwise, P�(Di, j ) = 0. A(·) is a linear mapping, and A∗(·)
is its adjoint. Similar definitions also hold for B(·) and C(·) in
this work. The Frobenius norm, nuclear norm, and Schatten-
p norm are computed by ‖X‖2

F = ∑
i, j X2

i, j = ∑
i σ 2

i ,
‖X‖∗ = ∑

i σi , and ‖X‖p
Sp

= ∑
i σ

p
i (0 <p< 1), respectively.

The “×” and “�” signify “without” and “with” in two columns
of constraints and nonlinearization, respectively.

B. Contributions

Based on the above statements, the main contributions are
summarized from the following three aspects.

1) We extend nonconvex low-rank matrix recovery prob-
lem (4) to a more general and complex model compared
with the studied mathematical model and other problem
formulations listed in Table I, denoted as

min
Z,E

fλ(Z) + g(E), s.t. A(Z) + B(E) = D (6)

where a series of equivalent transforms need to be done
step by step through the penalty technique or introducing
the auxiliary variables in the objective function. Hence,
the whole iteration programming without inner loops can
be made easily to optimize the problem (6).
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Fig. 1. Plotted curves of nonconvex proximal operators for (a) L p-norm,
(b) MCP, and (c) SCAD with different p values, respectively.

2) We develop nonconvex ADMM with two dual variables,
which can guarantee the closed-form solvers in updat-
ing the primal variables. By analyzing the exact and
inexact iteration procedures of multiblock nonconvex
ADMM, the local and global convergence properties are
further proved by constructing the potential objective
function.

3) The numerical and theoretical results can show the
nonincreasing property of a given potential objective
function. Extensive experiments on the tasks of image
inpainting and subspace clustering further verify that
the developed methodology is capable of discover-
ing superior performance over several mostly related
works.

Outline: Section II presents the generalized model formu-
lation of some nonconvex low-rank matrix recovery prob-
lems and its optimization algorithm. Section III provides the
main results for the local and global convergence analyses.
Section IV conducts the numerical experiments to validate
the convergence properties and the evaluation performance by
applying two modified models to the synthesis and real-world
data. Finally, we conclude this work in Section V.

II. PROBLEM FORMULATION

To get the closed-form solvers, it follows from (4) and (5)
that problem (6) can be converted into a generalized noncon-
vex nonsmooth low-rank matrix recovery problem

min
X,Y,Z,E

fλ(X) + g(Y) + γ

2
‖A(Z) + B(E) − D‖2

F

s.t. Z = X, E = Y (7)

where both X and Y are the introduced auxiliary variables.
This can avoid the usage of linearization techniques, such
as [24] and [32]. Several low-rank matrix recovery problems
can be thought as the concrete examples of problem (7). The
optimization algorithms of problem (7) and [22] and [49] with
the constraints are different from [24], [50], and [51] due to the
model formulations without the constrained equalities. Here,
the optimization algorithms with local and global convergence
guarantees are very important before giving the main results.
The basic assumptions for the objective function in minimiza-
tion problem (7) are given as follows.

A1: Both fλ(X) and g(Y) are proper, lower semicontinuous
on their domain of definition, respectively.

A2: The objective function is coercive, i.e.,
fλ(X) + g(Y) is bounded from below, and
lim‖·‖→+∞ fλ(X) + g(Y) = +∞.

Before providing the convergence analysis, we need to write
the augmented Lagrange function of problem (7) at first, where

the representation formula is given as

Lμ(X, Y, Z, E,�1,�2)

= fλ(X) + g(Y)

+ γ

2
‖A(Z) + B(E) − D‖2

F − 1

2μ

(‖�1‖2
F + ‖�2‖2

F

)
+ μ

2

(∥∥∥∥Z − X + �1

μ

∥∥∥∥2

F

+
∥∥∥∥E − Y + �2

μ

∥∥∥∥2

F

)
(8)

where �1 and �2 are the dual variables, and μ > 0 is
the penalty parameter. It can be observed from function (8)
that it involves nonconvex nonsmooth terms and multiple
variables, especially for two dual variables. To the best of our
knowledge, few studies have been done on such generalized
problem formulation, while it has some wide practices in
pattern recognition and computer vision. This further motivates
us to develop the designed algorithm involving two equality
constraints, which can be regarded as an extension of convex
ADMM [44], [52] to nonconvex [2], [47].

Inspired by the iteration procedures of ADMM, we need to
update primal variables, dual variables, and penalty parameter
in sequence. Given (Xk, Yk, Zk, Ek,�1,k,�2,k , μk) in the kth
iteration step, then the (k + 1)th iteration variables are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Xk+1 ∈ argmin
X

fλ(X) + μk

2

∥∥∥∥X −
(

Zk + �1,k

μk

)∥∥∥∥2

F

(9)

Yk+1 ∈ argmin
Y

g(Y) + μk

2

∥∥∥∥Y −
(

Ek + �2,k

μk

)∥∥∥∥2

F

(10)

Zk+1 = argmin
Z

μk

2

∥∥∥Z − X̂k+1
�1,k

∥∥∥2

F
+ γ

2

∥∥A(Z) − Êk
D

∥∥2

F

with X̂k+1
�1,k

= Xk+1 − �1,k

μk
, Êk

D = D − B(Ek) (11)

Ek+1 = argmin
E

μk

2

∥∥∥E − Ŷk+1
�2,k

∥∥∥2

F
+ γ

2

∥∥B(E) − Ẑk+1
D

∥∥2

F

with Ŷk+1
�2,k

= Yk+1 − �2,k

μk
, Ẑk+1

D = D − A(Zk+1) (12)

�1,k+1 = �1,k + μk(Zk+1 − Xk+1) (13)

�2,k+1 = �2,k + μk(Ek+1 − Yk+1) (14)

μk+1 = min
(
αμk , 106), α > 1 (15)

where α determines the convergence speed and the quality of
solvers, i.e., when the value of α is larger, the convergence
rate becomes faster but generates a worse efficacy and vice
versa. Meanwhile, with the increasing number of iterations,
the values of μk become more larger from (15). Besides
this, the resulting subproblems (11) and (12) need to minimize
the quadratic problems, and the subproblems (9) and (10)
involve to compute the proximal operators by Proposi-
tions 1 and 2 given later. As a result, the closed-form solvers
can be achieved easily. Without any inner loop, the program-
ming is very easy to be done, and the complexity mainly
depends on the computations of SVD and matrix inverse
at each of iterations. Moreover, computing low-rank matrix
involves the economic SVD, while it has higher computational
complexity, especially for the large-scale matrix. However, this
issue is out of the research scope of this article because the
decomposable strategy leads to too much variables. We focus
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on nonconvex ADMM with two dual variables, which is very
challenging for proving its convergence property [45], [48].

In the iteration procedures of (group) sparse vector coding,
low-rank matrix recovery, and tensor decomposition problems,
the proximal operators [41] played the key role in developing
efficient first-order algorithms. Those nonconvex relaxations
of L0-norm2 in Table II can be extended to relax rank func-
tion and L2,0-norm by acting on the specific entries, respec-
tively. Before computing the primal variables for achieving the
closed-form solvers, Propositions 1 and 2 introduce several
proximity operators for nonconvex relaxations of L0-norm,
L2,0-norm, and rank function, respectively. Here, different
nonconvex functions correspond to various p values, e.g.,
p ∈ (0, 1.0) for the �p-norm, p ∈ (1.1,+∞) for the MCP
function, and p ∈ (0, 1.0) for the SCAD function. For show-
ing the proximal operators of L p-norm [2], MCP [30], and
SCAD [31], we choose t ∈ [0, 5] and set λ = 1; the plotted
curves given in Fig. 1 have similar changes when giving the
proper choices of the p values at its domain.

Proposition 1: For a proper and lower semicontinuous
function hλ(·), it may be nonconvex relaxations of L0-norm,
L2,0-norm, or rank function. Then, the corresponding proximal
operator Proxh

λ(·) [41] can be computed by⎧⎪⎪⎪⎨⎪⎪⎪⎩
argmin

s∈Rn
hλ(s) + 1

2
‖s − t‖2

2, (16)

argmin
S∈Rp×q

∑
i

hλ(‖S:,i |‖2) + 1

2
‖S − T‖2

F (17)

where hλ(·) is defined on the entries (e.g., si ) of the vector,
the column vectors (e.g., S:,i ) of the matrix, respectively. The
proximal operators of both (16) and (17) are denoted as

Proxh
λ(t) = [

Proxh
λ(t1), Proxh

λ(t2), . . . , Proxh
λ(tn)

]
(18)

and

Proxh
λ(T) = [

Proxh
λ(T:,1), Proxh

λ(T:,2), . . . , Proxh
λ(T:,q)

]
(19)

where

Proxh
λ(T:,i ) =

⎧⎨⎩
0, T:,i = 0
Proxh

λ(‖T:,i |‖2)

‖T:,i |‖2
T:,i , otherwise.

Proposition 2: Suppose that hλ(·) : R
+ → R

+ and Proxh
λ(·)

are both monotone, and let T = UDiag(σ (T))VT be the SVD
of T ∈ R

p×q ; then, with the usage of some a nonconvex
function, such as L p-norm, MCP, and SCAD, for acting on
the singular values of a low-rank matrix in problem (7), then
the GSVT operator [16], [53] can be computed by

argmin
S∈Rp×q

∑
i

hλ(σi (S)) + 1

2
‖S − T‖2

F (20)

where the optimal solution of (20) can be represented as S∗ =
UDiag(	∗(T))VT with 	∗(T) = [	∗

1(T), 	∗
2(T), . . . , 	∗

r (T)],
2Note the settings of parameters for L p-norm with 0 < p < 1, MCP with

p > 1, and SCAD with p > 2, as well as the involved variables for the
proximal operators of L p-norm with ν1 = ν + λp|ν|p−1 for ν = [λp(1 −
p)]1/(2−p); t1 and t2 are the roots of h(s) = (s − t) + λp|s|p−1sign(s) = 0 at
ν < s < t and t < s < −ν, respectively.

UUT = I, and VVT = I, in which 	∗(T) satisfies 	∗
1(T) ≥

	∗
2(T) ≥ · · · ≥ 	∗

r (T) for i = 1, 2, . . . , r = min(p, q), and we
define 	∗

i (T) ∈ Proxh
λ(σi (T)) and set

Proxh
λ(σi (T)) = argmin

	i

hλ(	i ) + 1

2
‖	i − σi (T)‖2

2. (21)

It is obvious that Propositions 1 and 2 provide the generalized
proximity operators instead of the concrete ones. In sequence,
it is not difficult to update the primal variables, i.e., Xk+1,
Yk+1, Zk+1, and Ek+1, through solving (9)–(12), respectively.
In detail, by computing the derivative with X of the objective
function in (11) and setting it to be 0, we can obtain the
updated variable, denoted as

Zk+1 = (μkI + γA∗A)−1
[
μkX̂k+1

�1,k
+ γA∗( Êk

D

)]
. (22)

Besides this, it follows from (12) that we have

Ek+1 = (μkI + γB∗B)−1
[
μkŶk+1

�2,k
+ γB∗( Ẑk+1

D

)]
. (23)

However, when A and B are not the identity operators,
and the dimensionality is higher, the optimization solvers of
both (11) and (12) may be computational heavily. This is
due to the fact that the computations of matrix inversion and
multiplication are necessary in both (22) and (23) for updating
Zk+1 and Ek+1 at each of iterations. Besides this, the involved
subproblems are least-squares problems, which can lead to
achieve the analytic solvers easily.

In a different way, one can resort to using the linearization
technique and then optimizing the surrogate minimization
problem of (11), approximated by

Zk+1 = argmin
Z

μk

2

∥∥∥Z − X̂
k+1
�1,k

∥∥∥2

F
+

(
γ

2

∥∥∥A(Zk) − Ê
k
D

∥∥∥2

F

+〈γA∗
(
A(Zk)−Ê

k
D

)
, Z − Zk〉+ ηZ

2
‖Z − Zk‖2

F

)
.

(24)

Furthermore, we can obtain the approximation problem
of (12). As a result, by computing the derivatives with Z and
E accordingly, and setting both to be 0, both Zk+1 and Ek+1

can be updated, respectively, by

Zk+1 = 1

μk + ηZ

(
μkX̂

k+1
�1,k

+ ηZZ̃k

)
(25)

Ek+1 = 1

μk + ηE

(
μkŶ

k+1
�2,k

+ ηEẼk

)
(26)

where Z̃k = Zk − (γ /ηZ)A∗(A(Zk) − Êk
D) and Ẽk = Ek −

(γ /ηE)B∗(B(Ek)− Ẑk+1
D ). As suggested in [16] and [32], both

ηZ ≥ (γ δmax
A /2) and ηE ≥ (γ δmax

B /2) would determine the
step size in the iteration procedures. Then we assume that

δmin
A IA � A∗A � δmax

A IA, δmin
B IB � B∗B � δmax

B IB (27)

where δmin
A and δmax

A (resp. δmin
B and δmax

B ) are the smallest
and largest eigenvalues of the linear map A∗A (resp. B∗B),
respectively. IA and IB are both the identity maps.

Let fλ(X) be the nonconvex relaxation of rank function; it
follows from both (20) and (21) that we can obtain

Xk+1 = ÛDiag
(
	
(

Ẑk
�1,k

))
V̂

T
(28)
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Algorithm 1 Optimization Scheme for Problem (7)
Input: k = 0, μ0, γ0, α > 1, μmax, γmax.
Initialization: Z0, E0, �1,0, �2,0.
Output: (X∗, Z∗, E∗,�1,∗,�2,∗).

While not converged do
update primal variables

compute Xk+1 by (28),
compute Yk+1 by (29) or (30),
compute Zk+1 by (22) or (25),
compute Ek+1 by (23) or (26),

update dual variables
compute �1,k+1 by (13),
compute �2,k+1 by (14),

update penalty parameters
Update μk+1 by (15),

until convergence when satisfying

min

(‖Zk+1 − Xk+1‖2√
n

,
‖Ek+1 − Yk+1‖2√

m

)
< ε.

where Ẑk
�1,k

= ÛDiag(σ (Ẑk
�1,k

))V̂
T

is the SVD of the matrix

Ẑk
�1,k

= Zk + (�1,k/μk) with ÛÛ
T = Î and V̂V̂

T = Î.
On the one hand, when g(Y) is a nonconvex relaxation of

L0-norm, it follows from (18) that we can achieve the optimal
solver of subproblem (10), i.e., Yk+1 equals to⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Proxg
μk

([
Êk

�1,k

]
11

)
· · · Proxg

μk

([
Êk

�1,k

]
1q

)
Proxg

μk

([
Êk

�1,k

]
21

)
· · · Proxg

μk

([
Êk

�1,k

]
2q

)
...

. . .
...

Proxg
μk

([
Êk

�1,k

]
p1

)
· · · Proxg

μk

([
Êk

�1,k

]
pq

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(29)

where Êk
�1,k

= Ek + (�2,k/μk). On the other hand, when
g(Y) is a nonconvex relaxation of L2,0 norm, it follows from
Proposition 1 that we have the optimal solver, denoted as

Yk+1 = Proxg
μk

(
Êk

�1,k

)
. (30)

In a summary, after updating the primal variables along
with (13)–(15), the whole iteration procedures are completed
in Algorithm 1. Here, the computational complexity depends
on the matrix inverse and multiplier computations in (22)
and (23) and the SVD computations in (28) at each iter-
ation. Moreover, we check the convergence condition for
stopping the iterations or reaching the maximal number of
iterations.

III. MAIN CONVERGENCE RESULTS

The convergence analysis of Algorithm 1 mainly replies to
the updating rule of each variable. Before giving the main
convergence results, we provide the basic proof routines in
five technical parts in the following.

1) In the first part, we prove the boundedness of the dual
variables by the primal variables (see Lemma 1).

2) In the second part, we derive the sufficient descent con-
dition of a potential function and prove the boundedness
of the variable sequence (see Lemma 2).

3) In the third part, we provide the local guarantees for the
global convergence of the subsequence (see Theorem 1).

4) In the fourth part, we prove the supergradient of
the potential function to be upper bounded (see
Proposition 3).

5) Finally, we present the global guarantees for the
global convergence of the generated sequence (see
Theorem 2).

Subsequently, we only provide the convergence results
due to the limited spaces, while several preliminaries
[23], [54]–[56] and detailed proofs are given in the
Supplementary Material.

First, we present several first-order optimality conditions of
each subproblem for (9)–(12) at the (k + 1)th iteration, which
are denoted by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 ∈ ∂ fλ(Xk+1) + μk

[
Xk+1 −

(
Zk + �1,k

μk

)]
= ∂ fλ(Xk+1) − �1,k+1 + μk(Zk+1 − Zk) (31)

0 ∈ ∂g(Yk+1) + μk

[
Yk+1 −

(
Ek + �2,k

μk

)]
= ∂g(Yk+1) − �2,k+1 + μk(Ek+1 − Ek) (32)

0 = �1,k+1 + γA∗(A(Zk+1) − Êk
D

)
(33)

0 = �2,k+1 + γB∗(B(Ek+1) − Ẑk+1
D

)
(34)

where (31)–(34) will be used repeatedly in providing the
convergence analysis. In fact, they are derived by the updating
rules of �1,k+1 and �2,k+1, respectively.

Borrowing from (24) to (26), we can compute the optimality
conditions of function (8), which is related with Zk+1 and Ek+1

for the inexact situations, i.e.,

{
0 = �1,k+1 + γA∗(AZE) + ηZ(Zk+1 − Zk) (35)

0 = �2,k+1 + γB∗(BZE) + ηE(Ek+1 − Ek) (36)

where AZE = A(Zk) − Êk
D and BZE = B(Ek+1) − Ẑk+1

D .
Both (35) and (36) are the revisions of (33) and (34), where the
differences are actually derived from the usage of linearization
strategy for the quadratic components.

Lemma 1: Let {Tk}+∞
k=1 be generated by Algorithm 1; there

exist the constants c1, c2, c3 > 0 such that

‖�1,k+1 − �1,k‖2
F

≤ c1‖Zk+1 − Zk‖2
F + c2‖Ek − Ek−1‖2

F (37)

‖�2,k+1 − �2,k‖2
F

≤ c2‖Zk+1 − Zk‖2
F + c3‖Ek+1 − Ek‖2

F . (38)

Define Tk = (Xk, Yk, Zk, Ek,�1,k ,�2,k), it follows from (8)
that the supergradient or gradient [57] of the function
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Lμk+1(Tk+1) at each of variables can be given as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂XLμk+1(Tk+1)|X=Xk+1

= ∂ fλ(Xk+1) − �1,k+1 − μk+1

μk

(
�1,k+1 − �1,k

)
(39)

∂YLμk+1(Tk+1)|Y=Yk+1

= ∂g(Yk+1) − �2,k+1 − μk+1

μk

(
�2,k+1 − �2,k

)
(40)

∂ZLμk+1 (Tk+1)|Z=Zk+1

= γA∗(B(Ek+1) − B(Ek)) + μk+1

μk

(
�1,k+1 − �1,k

)
(41)

∂ELμk+1(Tk+1)|E=Ek+1 = μk+1

μk

(
�2,k+1 − �2,k

)
(42)

∂�1Lμk+1(Tk+1)|�1=�1,k+1 = �1,k+1 − �1,k

μk
(43)

∂�2Lμk+1(Tk+1)|�2=�2,k+1 = �2,k+1 − �2,k

μk
(44)

where both (39) and (40) can be achieved by computing
the supergradient of Lμk+1 (Tk+1) with X and Y through (13)
and (14), respectively. Similarly, it follows from (8) that
both (41) and (42) can be obtained by (33) and (34) accord-
ingly, as well as both (43) and (44) can be get easily.
In the proof process of convergence analysis, the above given
(31)–(34) and (39)–(44) will be used repeatedly.

Instead of using the function (8) directly, we next need to
construct the potential function, represented as

L̂μk (Tk, Ẽ) = Lμk (Tk) + μk+1 + μk

2μ2
k

c2‖Ek − Ẽ‖2
F . (45)

Then, we will prove the nonincreasing property of (45) and
show the boundedness of the variable sequences.

Lemma 2: Let {Tk}+∞
k=1 be the variable sequence generated

by Algorithm 1; then, we have the following.
1) The potential function is nonincreasing, i.e., there exist

the constants c4, c5 > 0 such that

L̂μk+1 (Tk+1, Ek)+c4‖Zk+1−Zk‖2
F + c5‖Ek+1 − Ek‖2

F ≤ L̂μk (Tk, Ek−1).

(46)

2) The sequence {Tk}∞k=1 is bounded.

Remark 1: The proofs of Lemmas 1 and 2 hold for the exact
cases, where the solvers of (22) and (23) are analytic. Similar
proofs also hold for the inexact situations, i.e., approximately
updating the variables Zk+1 and Ek+1 via (24)–(26). It should
be noted that there exist some revisions stated as follows.

1) In Lemma 1, the conclusions also hold for (24)–(26) but
need to add the quadratic terms, i.e., ‖Zk − Zk−1‖2

F and
‖Ek − Ek−1‖2

F , in the right-hand sides of both (37)
and (38), respectively. Naturally, they determine the
formulation of the potential function for defining
c′

1 = c1 + 2η2
Z and c′

2 = c2 + 2η2
E, represented by

L̂μk (Tk, Z̃, Ẽ) = Lμk (Tk) + μk+1 + μk

2μ2
k

×(
c′

1‖Zk − Z̃‖2
F + c′

2‖Ek − Ẽ‖2
F

)
(47)

which can be regarded as the modified (45), and it played
a key role for the local and global convergence analyses.

2) In Lemma 2, we further derive the revisions
through (24)–(26), which can lead to some changeable

TABLE III

MODEL NAMES AND OBJECTIVE FORMULATIONS FOR BOTH LRR AND

RMC MINIMIZATION PROBLEMS AND THEIR VARIANTS

details when we conduct the proofs for the boundedness
of variable sequence under the inexact case. Meanwhile,
both �1,k+1 and �2,k+1 will be used repeatedly for pro-
ducing the corresponding revisions to the convergence
analysis.

Theorem 1 (Global Convergence Property of the Subse-
quence): Suppose that {Tk}+∞

k=1 is the sequence generated by
Algorithm 1; the objective function satisfies Assumptions A1
and A2. Then, we can achieve the following.

1) limk→+∞ ‖Tk+1 − Tk‖2
F = 0.

2) Any cluster point T∗ = (X∗, Y∗, Z∗, E∗,�1,∗,�2,k) of
the generated sequence is a stationary point of (8), and
it also satisfies the KKT conditions.

Proposition 3 Suppose that the same assumptions with
Theorem 1 satisfy; there exists a constant c8 > 0 such that

dist(0, ∂L̂μk+1(Tk+1, Ek))

≤ c8(‖Zk+1 − Zk‖F + ‖Ek+1 − Ek‖F

+ ‖�1,k+1 − �1,k‖F + ‖�2,k+1 − �2,k‖F ). (48)

Based on the above conclusions, we subsequently prove the
key result for the global convergence property.

Theorem 2 (Global Convergence Property of the Generated
Sequence): Suppose that Assumptions A1 and A2 hold for the
potential function L̂μk (Tk, Ek−1) (45), which is a KŁ function;
then, the sequence {Tk}+∞

k=1 generated by Algorithm 1 is a
Cauchy one, which has a finite length, i.e.,

∑+∞
k=1 ‖Tk+1 −

Tk‖F < +∞. Moreover, the sequence {Tk}+∞
k=1 converges to

T∗, which is a critical point of problem (8).
Remark 2: For the convergence analysis of Proposition 3

and Theorem 2 under the inexact case, the main revisions
are located at computing the gradients of (45) with Z and E,
as well as involving the terms related with both �1,k+1 and
�2,k+1. Based on these correlations, it needs several revisions
through (24)–(26), which is useful for guaranteeing the local
and global convergence properties.

IV. NUMERICAL EXPERIMENTS

In this section, we conduct numerical experiments on both
synthesis data and real-world data. For the synthesis data,
we discuss the influences of several parameters for the con-
vergence curves derived by mRMC and mLRR provided in
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Fig. 2. Plotted curves of the potential objective function in (a)–(c) and the constrained errors in (d) derived by mRMC for three nonconvex functions.

Fig. 3. Sorted singular values of three channels in the second row of (a)–(d) for nonstrictly and strictly low-rank of the original images and the masked
images in the first row of (a)–(d).

Table III. Both of them can be regarded as the modified
variants of RMC and LRR, respectively. For the real-world
data, we mainly test the recovery ability for the tasks of image
inpainting and subspace clustering. The inpainting results
are evaluated by the peak signal-to-noise ratio (PSNR) and
the relative error (RelErr), while the clustering results are
evaluated by segmentation accuracy. The timing costs are
provided for the comparisons of computational efficiency. All
the comparison methods are implemented by the released
codes. Furthermore, the best results are reported by tuning
the involved parameters suggested by the published papers.
For the penalty parameter γ of problem (7), the continuity
strategy will be used by choosing an initial value γ0 and
increasing it by multiplying α > 1 until reaching the target
one, i.e., γmax = 1e + 6. For the initial variables, we set
Z0 = 0, E0 = �2,0 = 0, and �1,0 = I. All of the numerical
experiments are performed by the MATLAB R2016b on a PC
with Intel3 Core4 i7-4770 CPU @ 3.40 GHz and 16.0 GB of
RAM. Subsequently, we mainly introduce the implementation
details and make qualitative and quantitative comparisons.

1) Experiments of mRMC: It follows from [2], [16], and
[26] that the first synthesis experiments construct the
matrix X = U1U2 with rank r = 80, which is gen-
erated by virtue of randn for U1 = randn(400, r) and
U2 = randn(r, 400), respectively. 20% of elements in
X are selected randomly as � to be missing, where
the observed matrix is denoted as P�(X). The second
real-world experiments test the incomplete mask with
text and block missing on the natural images, where
the sorted singular values are illustrated for nonstrictly
low-rank and strictly one. Each of color images has
red, green, and blue channels; we need to rehabili-
tate the missing pixels on each channel independently
and then combine them to get the final results. The

3Registered trademark.
4Trademarked.

Fig. 4. Comparisons of average values of (a) PSNR and (b) RelErr for all
the involved methods to the nonstrictly and strictly low-rank images.

comparison methods are related to nuclear norm and
its weighted/truncated variants, as well as the extended
Schatten-p norm, while this work focuses on employ-
ing nonconvex ADMM to optimize the mRMC prob-
lems derived from L p-norm with p ∈ (0, 1) [2],
MCP [30] with p ∈ (1.1,+∞), and SCAD [31] with
p ∈ (2.1,+∞), respectively.

a) Fig. 2(a)–(c) illustrates the plotted convergence
curves (log) of potential objective functions
derived by the mRMC with L p-norm, MCP, and
SCAD for the proper choices of parameters,
i.e., p ∈ {0.1, 0.3, 0.5, 0.7, 0.9}, α ∈ {1.1, 1.2,
1.3, 1.4, 1.5}, and μ0 ∈ {1e − 6, 1e − 5, 1e − 4,
1e − 3, 1e − 2}, respectively. The nonincreasing
properties are validated from the numerical
settings and the visual results. Besides
this, the stopping conditions provided in
Fig. 2(d), where ((‖Zk+1 − Xk+1‖2)/

√
n) and

((‖Ek+1 − Yk+1‖2)/
√

m), are substituted by “left”
and “right” for the representation simplicity. For
an accurate solution, the above parameters should
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TABLE IV

COMPARISONS OF INPAINTING RESULTS ON NONSTRICTLY AND STRICTLY LOW-RANK IMAGES WITH TEXT AND RANDOM MISSING PIXELS.

NOTE THAT PSNR IS MEASURED BY DB, AND RELERR IS SCALED BY ×10−2 , AND TIME IS IN SECONDS

TABLE V

CLUSTERING ACCURACY (%) OF DIFFERENT SUBSPACE SEGMENTATION METHODS ON THE EXTENDED YALE B DATABASE

not be too small and too large. We can see that
p = 0.5, α = 1.1, and μ0 = 1e − 3 work well.

b) Fig. 3(a)–(d) presents two natural images
with/without text and block missing elements
(top), where nonstrictly low-rank and strictly
low-rank are considered for the sorted singular
values of the three channels. The empirical
distributions (bottom) have shown that there exist
some obvious differences, where the nonstrictly
low-rank reflects all numbers of nonzero singular
values of the original data matrix, while the
strictly low-rank retains the largest 20% singular
values.

c) Fig. 4 shows the average values of PSNR and
RelErr of all the methods in both (a) and (b),
where the proposed methods achieve the nearly
best recovery performance. In detail, Table IV
shows the values of PSNR, RelErr, and time,
respectively, where noncovex methods can achieve
better performance than convex APGL, and strictly
low-rank cases have the values of higher PSNR
and lower RelErr than nonstrictly ones. Moreover,
we presented black marks for the best results and
used italics for the second best results. The optimal
parameters are set p ∈ {0.5, 1.5, 2.5, 5.0, 10.0}
and λ ∈ {0.5, 1.0, 1.5, 2.0, 2.5} along with γ0 =
p/norm(D) for the superior performance. We can
see that both WNNM and JSp L pM have obvious
superiority, especially in strictly low-rank cases.
Besides this, our methods have much more timing
costs than other comparison methods because of
updating too many variables. Hence, due to the
heavier computational loads for large-scale prob-
lems, developing lower complexity algorithms will
be very challenging.

Fig. 5. Plotted curves of the potential objective function in (a)–(c) and the
constrained errors in (d) derived by mLRR for three nonconvex functions.

2) Experiments of mLRR: It follows from [44], [45],
and [58] that the first synthesis experiments construct
15 independent subspaces {Si}k

i=1, whose bases {Ui}k
i=1

are generated by updating the sequences Ui+1 = TUi

for 1 ≤ i ≤ 15, where T is a random rotation matrix,
U1 is a random column orthogonal matrix of dimension
200 × 5, and each subspace has a rank of 5 and an ambi-
ent dimension of 200. We sample 20 data vectors from
each subspace by Xi = Ui Ci , 1 ≤ i ≤ 15, with Ci being
a 5 × 40 i.i.d. standard Gaussian matrix and then ran-
domly choose 20% samples to be corrupted by adding
Gaussian noise with zero mean and standard deviation
0.5‖X‖2

F . The second experiments are performed on the
Extended Yale B database, which contains 38 individuals
for 64 frontal face images. We downsample all the
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Fig. 6. Numerical and visual comparisons of mLRR for the performance
analysis and computation time in (a)–(c) and the block-diagonal affinity matrix
in (d) on face clustering.

original images into 48 × 42 pixels and vectorize each
of them as a data point, which is normalized to have
a unit length. Following the similar settings in [33]
and [59], this task randomly samples k subjects face
images from all 38 subjects to generate the data matrix
D ∈ R

d×64k , where d = 2016 and k ∈ {2, 3, 5, 8, 10}.
The experiments for all these sets are performed to run
20 trials, and then, the mean, media, and std of clustering
accuracy and the mean of timing costs are reported for
the resulting evaluations. For the comparison results,
we have the following observations.

a) Fig. 5(a)–(c) presents the convergence curves
(log) of objective function for mLRR with three
nonconvex relaxations, i.e., L p-norm, MCP, and
SCAD. It can be seen that larger values of λ ∈
{0.5, 1.0, 1.5, 2.0, 2.5} correspond to larger values
of potential objective function along with too much
number of iterations. Along with other tunable
parameters, e.g., p, μ0 and γ0 = 0.1 p × norm(D),
the optimal choices follow from the settings in the
experiments of mRMC. Based on the stopping con-
ditions, we also provide the comparisons of con-
strained errors in (d). It can be seen that all of the
plotted convergence curves have the nonincreasing
property, which accords to the theoretical results.

b) Table V shows the clustering results evaluated by
the mean values of accuracy and Std, in which
noncovex methods can achieve better segmentation
performance than convex ones [32], [44]. With the
increasing number of subjects, the values of accu-
racy and Std become smaller. It follows from [45]
that LRR, LADM, and IRLS were studied for solv-
ing nuclear norm minimization problems, while
the proposed algorithms focus on optimizing the
mLRR problems derived by L0.5-norm, MCP, and
SCAD, respectively. The results show that the pro-
posed methods obtain a relatively higher clustering
efficacy by choosing λ = 1.5.

c) Fig. 6(a) provides how the average accuracy
changes with various λ values. The plotted curves
of the average media of accuracy and computation
time are given for the number of subjects in both
(b) and (c). Moreover, the block-diagonal affinity
matrix for 5 subjects is illustrated in (d). It is
evident that the proposed mLRR solutions have sat-
isfying performance and running speed than other
related methods.

Based on these numerical results, it is obvious that the qual-
itative and quantitative comparisons can present the superiority
of proposed algorithms over the compared ones on the real-
world databases. Moreover, the theoretical results are verified
by the plotted convergence curves on the synthesis data.

V. CONCLUSION

In this work, we focus on providing the local and global
convergence properties of nonconvex ADMM with two dual
variables, which can be used to solve a class of nonconvex
low-rank matrix minimization problems. By constructing a
potential function and relying on the iteration rules, we prove
the boundedness of dual variables and the sufficient descent
condition along with the boundedness of primal variables and
also provide the global convergence of the subsequence. Fur-
thermore, we prove the supergradient of the potential function
to be upper bounded and the global convergence property
of the generated variable sequence. In the experiments of
synthetic and real-world data, the numerical and theoretic
results maintain consistency. Besides this, the developed solu-
tions can keep the well superiority over several mostly related
optimization approaches when applying to the tasks of image
inpainting and subspace clustering.
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