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Abstract—This paper studies Positive and Unlabeled learning (PU learning), of which the target is to build a binary classifier where
only positive data and unlabeled data are available for classifier training. To deal with the absence of negative training data, we first
regard all unlabeled data as negative examples with false negative labels, and then convert PU learning into the risk minimization
problem in the presence of such one-side label noise. Specifically, we propose a novel PU learning algorithm dubbed “Loss
Decomposition and Centroid Estimation” (LDCE). By decomposing the loss function of corrupted negative examples into two parts, we
show that only the second part is affected by the noisy labels. Thereby, we may estimate the centroid of corrupted negative set via an
unbiased way to reduce the adverse impact of such label noise. Furthermore, we propose the “Kernelized LDCE” (KLDCE) by
introducing the kernel trick, and show that KLDCE can be easily solved by combining Alternative Convex Search (ACS) and Sequential
Minimal Optimization (SMO). Theoretically, we derive the generalization
which suggests that the generalization risk of our
√
√ error bound
√
model converges to the empirical risk with the order of O(1/ k + 1/ n − k + 1/ n) (n and k are the amounts of training data and
positive data correspondingly). Experimentally, we conduct intensive experiments on synthetic dataset, UCI benchmark datasets and
real-world datasets, and the results demonstrate that our approaches (LDCE and KLDCE) achieve the top-level performance when
compared with both classic and state-of-the-art PU learning methods.
Index Terms—PU Learning, Loss Decomposition, Centroid Estimation, Kernel Extension, Generalization Bound.

F

1

I NTRODUCTION

D

IFFERENT from traditional supervised learning that usually
trains a classifier by harnessing both positive and negative
examples, Positive and Unlabeled learning (PU learning) aims to
find a suitable classifier simply based on positive and unlabeled
data. Here each of the unlabeled data can be positive or negative,
however its groundtruth label remains unknown during the training
stage. An illustrative comparison of PU learning and traditional
supervised learning is shown in Figure 1, from which we can
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Fig. 1: The comparison of traditional supervised learning and PU
learning. Traditional supervised learning trains a classifier from both
positive and negative examples, while PU learning trains a classifier
simply based on the positive and unlabeled data.

see that PU learning is more challenging than the traditional
binary supervised learning as the negative examples for training
are not explicitly provided. Actually, the setting of PU learning
is prevalent in many practical situations, where directly collecting
negative examples is difficult or the collected negative examples
are too diverse. Here we provide some examples:
•

•

Product recommendation [1]. The products once bought or
favored by a certain customer are positive examples, and
the remaining products that have not been browsed by the
customer are deemed as unlabeled as some of them may be
of interest to this customer. Therefore, PU learning can be
adopted to identify the potential positive examples and then
recommend them to the customer.
Outlier detection [2]. The very few outliers identified by
the primitive detector constitute the positive set, and the
remaining data points are deemed as unlabeled because some
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•

•

outliers are probably hidden among them. Consequently, PU
learning is an ideal tool to further detect the outliers in the
unlabeled set.
Remotely-sensed hyperspectral image classification [3]. We
may treat the specific land-cover category that is studied as
positive while the rest of the diverse land types are taken as
unlabeled. By training a PU classifier, we can then effectively
find the studied land type from a new hyperspectral image.
Medical diagnosis [4]. Due to the scarcity of sick patients
(e.g., Alzheimer’s disease, Parkinson’s disease, etc.), we can
only get very limited cases of illness. By treating them as
positive and the unknown cases as unlabeled, one can employ
PU learning to establish a binary classifier that is able to
distinguish the patients and normal people.

To cope with the intensive practical demands as listed above,
PU learning is proposed to handle the situations where only
positive data and unlabeled data are available. PU learning has
attracted a great deal of research attention in recent years, and
a considerable amount of work has been done. The existing
PU methods can be roughly divided into three categories. The
first category focuses on extracting reliable negative examples
from the unlabeled set, and then using these confident negative
examples and the original positive examples to train a classifier,
such as [5], [6]. The main shortcoming is that the extraction of
the examples with reliable labels is not always accurate, which directly influences the performance of the finally obtained classifier.
The second category formulates PU learning as a cost-sensitive
learning problem by imposing different weights on positive data
and unlabeled data. The representative works are [7], [8], [9], [10].
The methods belonging to this category usually employ the reweighting technique to calibrate the inaccurate data distribution,
which is caused by the missing of negative examples, to the
potentially correct one. Nevertheless, the weights are usually
determined based on the positive class prior, which could be rather
empirical and is very likely to lead to the degraded classification
results. The last category treats the unlabeled data as negative
ones, and thus transferring PU learning problem into a one-side
label noise learning problem [11], [12]. That is to say, some of the
originally positive examples in the unlabeled set are regarded as
mislabeled, while no negative examples are incorrectly labeled as
positive. The typical methods include [13], [14]. However, these
methods would fail when the unlabeled set contains a large amount
of originally positive examples.
To overcome the drawbacks of the existing methods mentioned
above and also inspired by the recent advances of label noise
learning techniques [15], [16], [17], in this paper we follow the
idea of the third category and formulate PU learning as a noisy
label learning problem by regarding all unlabeled data as negative
examples with label noise. Particularly, we propose an unbiased
estimate of the true risk on PU datasets by utilizing the manipulations of loss decomposition [18] and centroid estimation [15].
As a result, we can explicitly model the label noise in negative set
(i.e., the original unlabeled set) and formulate PU learning as a
risk minimization problem in the presence of false negative labels.
To be specific, by decomposing the empirical loss (e.g., hinge loss)
on the corrupted negative set into two terms, we observe that only
the second term is label-dependent and is affected by the noisy
labels. Therefore, inspired by [15], the risk minimization in the
presence of label noise can be converted to the estimation of the
centroid of the labeled examples, and thus the adverse impact of

noise can be eliminated. By the way, our problem is turned into the
estimation of the centroid of noisy negative set. Consequently, we
can obtain the unbiased risk of true PU dataset and propose a novel
PU learning algorithm dubbed “Loss Decomposition and Centroid
Estimation” (LDCE). To address non-linear cases, we further
extend the linear LDCE model to a Kernelized LDCE (KLDCE)
by introducing the kernel trick, which can be efficiently solved
by combining the methods of Alternative Convex Search (ACS)
and Sequential Minimal Optimization (SMO) [19]. Moreover, we
theoretically analyze the generalization ability of our algorithm,
showing that the empirical classification risk of an arbitrary
classifier learned by our proposed algorithm will converge to its
expected classification when the number of training examples goes
to infinity. Intensive experimental results on synthetic and practical
datasets demonstrate that the proposed algorithms are superior to
the existing state-of-the-art PU learning methods.
This work is the extension of our previous conference paper [20]. Compared with [20], this paper has been improved with
respect to the following aspects:
1) A kernelized model termed KLDCE is proposed to enable
our method to tackle the non-linear cases.
2) An ACS and SMO based optimization algorithm is derived
to efficiently solve the KLDCE model.
3) The generalization bound of our proposed algorithm is
theoretically proved based on the Rademacher complexity
analysis.
4) More experimental results are provided, and the algorithm
behavior of our model is also empirically studied.
The outline of the paper is as follows. In Section 2, we revisit
the existing typical PU methods. The problem setting is introduced
in Section 3. In Section 4, we explain the loss decomposition
technique, which helps to further analyze the effect of label noise
in Section 5. The basic LDCE model as well as its extension to
non-linear case is presented in Section 6. Section 7 proves the
generalization bound of our model. The experimental results on
different datasets and the model performance analyses are given
in Section 8. Finally, Section 9 concludes the entire paper.

2

R ELATED W ORK

As an important branch of weakly supervised learning [21], [22],
the preliminary researches of PU Learning can be dated back
to [23], [24], [25], which reveals that unlabeled data show a great
impact on accurately training a binary classifier without the aid of
negative examples.
Initially, Denis et al. [23] concentrate on the learning complexity and show that the function classes learnable under the statistical
query model are also learnable from positive and unlabeled data.
After that, a series of PU learning [26], [27] methods have been
developed, which usually follow two popular settings according
to how the positive and unlabeled data are generated. Specifically,
let X ∈ Rd (d is the dimensionality) be the input variable in the
feature space X and Y ∈ R be the output variable in the label
space Y = {1, −1}, then the class-conditional density on positive
data and the marginal density of X are respectively formulated
as P (X|Y = 1) and P (X), where P (·) denotes the probability
throughout this paper. The first setting is called “case-control PU
learning” [28] which follows a two-sample configuration, namely
the input data x in positive set SP and unlabeled set SU are
i.i.d.
independently drawn as SP = {xi }ki=1 ∼ P (X|Y = 1) and
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SU = {xi }ni=k+1 ∼ P (X) with n and k denoting the sizes of
S = SP ∪ SU and SP accordingly. The second setting is called
“censoring PU learning” [7], where only one sample S = {xi }n
i=1
with size n is randomly drawn from P (X). After that, if the
hidden groundtruth label of xi (i.e., yi ) is 1, its label is observed
with probability p0 (i.e., xi ∈ SP ), and remains undiscovered with
probability 1 − p0 (i.e., xi ∈ SU ). If the groundtruth label of xi
is −1, its label will never be observed and it belongs to SU with
probability 1.
Under the case-control PU learning setting, Liu et al. [5]
send “spy” examples from the positive set to the unlabeled set
so that the conditional probability of an example belonging to
positive class can be estimated. Then the probabilistic labels of the
“spies” are used to detect the examples that are probably negative
from the unlabeled set. Finally, the asymmetric cost formulation
of the SVM algorithm with two trade-off parameters C+ and
C− is deployed to respectively weight the positive errors and
negative errors during training [14]. However, such detection of
probable negative examples can be inaccurate. To address this
defect, several recent works try to design various unbiased or
biased risk estimators, which yield the top-level performance.
Specifically, for reducing the data bias caused by the absence of
negative examples, du Plessis et al. [8] develop a non-convex ramp
loss, with which the learning under the PU setting would give
the same classification boundary as in the ordinary supervised
setting. To overcome the challenge brought by the non-convexity,
a convex unbiased loss is introduced in [9], which uses a weighted
ordinary convex loss function for unlabeled data and a weighted
composite convex loss function for positive data. Considering that
the empirical risk designed in [9] can be negative which causes
the over-fitting problem, a biased non-negative risk estimator [29]
is further proposed. Moreover, the recent work [10] studies a
situation when a small number of biased negative examples can
also be collected in addition to the positive and unlabeled data.
Under the censoring PU learning setting, many approaches
cast PU learning as the learning problem with one-side label noise
by treating the unlabeled data as noisy negative examples. That
is to say, the label noises in the whole dataset are only caused
by the false negative examples. For example, weighted Logistic
regression [13] performs the standard logistic regression after
weighting the examples to handle the noise of which the rate is
greater than a half. Biased-PrTFIDF [30] employs a probabilistic
learning algorithm PrTFIDF [31] and imposes an estimable weight
on the conditional probability of an example to be positive to
reduce the disturbance of label noise. Weighted SVM [7] assigns
different weights to the class-specific losses via parameter tuning.
Different from above methods in which the positive priors of all
examples are identical, He et al. [32] claim that the prior of an
example being positive is related to the data distribution, and favor
to build an optimal Bayesian classifier to tackle this problem.
There are also some setting-free PU methods developed so
far, such as [33], [34] based on cluster assumption, [35] based on
multi-manifold assumption, and [36] based on label disambiguation.
In this paper, we follow the setting of censoring PU learning
as this setting allows us to directly estimate the class prior
P (Y = 1) which is crucial in our model. Besides, our idea that
treats fractional unlabeled data as false negative also connects PU
learning to class-conditional label noise learning as suggested in
[16], [37]. Specifically, we algorithmically show that PU learning
is a special case of class-conditional label noise learning when the

label flipping probability from negative to positive is zero.

3

P ROBLEM D ESCRIPTION

According to the setting of censoring PU learning explained in Section 2, we may suppose that
a total of n training data S
=
{SP ; SU }
=
{(x1 , y1 ), . . . , (xk , yk ); (xk+1 , yk+1 ), . . . , (xn , yn )}
are
identically and independently drawn from some distribution D
defined on X × Y , where the labels of the first k examples in
S (i.e., SP ) are observed as positive, and the labels of the rest
n − k data (i.e., SU ) are unknown. In the training stage, our target
is to obtain a suitable decision function h : X → R on S , such
that the unobserved test example x can obtain the correct label
sgn(h(x)) assigned by h.
Similar to [13], this paper also formulates the censoring
PU learning as a learning problem with one-side label noise
where all unlabeled data are treated as negative with label
noise while the positive examples in SP have clean labels without any noise. Therefore, a noisy version of the original training sample S is obtained as Se = {SP ; Sf
N} =
{(x1 , ye1 ), . . . , (xk , yek ); (xk+1 , yek+1 ), . . . , (xn , yen )} where the
corrupted negative set Sf
N takes the same place as the original unei ) ∈ Sf
labeled set SU . Obviously, {yei }n
N,
i=k+1 = −1 for (xi , y
and yei = yi = 1 for (xi , yi ) ∈ SP since SP contains no false
positive examples. Consequently, the noisy set Se is employed for
our model training. Additionally, let Ye be the corrupted version of
Y , and defining η = P (X ∈ SU |Y = 1), we get the fact that

P (Ye = −1|Y = 1) = η, P (Ye = 1|Y = −1) = 0,

(1)

where η in our model is interpreted as the flipping probability of
a positive example to be negative in Sf
N that can be tuned via
cross-validation [16]. Alternatively, it can be estimated by some
advanced methods such as [38], [39], [40] based on the theory
of mixture proposition estimation, [41] based on the divergence
penalization via `1 -regularization, [42] based on the density estimation in a univariate space, or [43] based on the decision tree
induction. Besides, we have

P (Ye = 1)
= P (Ye = 1|Y = 1)P (Y = 1)+P (Ye = 1|Y = −1)P (Y = −1)
= P (Ye = 1|Y = 1)P (Y = 1)+0 × P (Y = −1)
= P (Ye = 1|Y = 1)P (Y = 1),
(2)
where P (Ye = 1) is the prior of observed positive examples
approximated by k/n. Consequently, the class prior probability of
true positive examples in PU datasets defined as p = P (Y = 1)
can be expressed as
p = P (Y = 1) =

P (Ye = 1)
P (Ye = 1)
=
.
e
1−η
P (Y = 1|Y = 1)

(3)

According to the above formulation, we can compute the positive
class prior p directly.

4

L OSS D ECOMPOSITION

In our paper, we formulate PU learning as the risk minimization
problem of learning from pure positive and corrupted negative
examples. Suppose that we have a classifier h and the loss function
is ` : Y × R → R which evaluates the deviation between the
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predicted value h(x) and the groundtruth label y . In our case, the
empirical risk of classifier h on S , i.e., R̂(h, S), is composed of
two parts: the loss on the clean positive examples and the loss on
the unlabeled examples, namely

R̂(h, S) =

k
n
X
1 X
[
`(yi , h(xi )) +
`(yi , h(xi ))]
n i=1
i=k+1

(4)

= R̂P (h, SP ) + R̂U (h, SU ).

5

Due to the correctness of all the labels in SP , the first term
R̂P (h, SP ) in Eq. (4) can be easily computed. However, it is
infeasible to get the real value of the second term R̂U (h, SU )
owing to the unknown groundtruth labels of the examples in SU .
Therefore, an important thing here is to study how to obtain the
unbiased estimate of the second term.
This paper employs hinge loss `(z) = [1 − z]+ where [·]+ =
max(·, 0) and z = yh(x) is the functional margin, then according
to [18], we can further decompose the hinge loss `(z) on the
negative examples into two parts, which yields

`(z) = [1−z]+
1
1 1
= ([1−z]+ +[1 + z]+ )+ ([1−z]+ −[1+z]+ )
(5)
2
2
1
2 1
= ([1−z]+ +[1 + z]+ )+ (−2z+|1−z|−|1+z|),
2
4
where the 2nd equation holds due to [a]+ = a/2 + |a|/2. Since
for any z , there are |1 − z| 6 |z| + 1 and |1 + z| > |z| − 1, Eq. (5)
can be further derived as
1
1
(6)
`(z) 6 ([1 − z]+ + [1 + z]+ ) + (1 − z).
2
2
In Eq. (6), the term in the first bracket of the right-hand side can
eliminate the adverse impact of noise due to the property of even
function. Here only the second term 12 (1 − z) is affected by label
noise, which will be further studied in Section 5.
Remark 1: The prior works [9] and [18] have proven that a loss
function `(z) will lead to a convex PU learning model if it satisfies
the linear-odd property `(z) − `(−z) = −z , so the traditional
hinge loss is not preferred as it does not have such linear-odd
property. In contrast, Eq. (6) shows that the conventional hinge
loss, which is often utilized to achieve the max-margin effect, can
also be deployed for convex PU learning as long as we minimize
its upper bound which satisfies the linear-odd property. Other
typical loss functions such as squared loss, logistic loss and double
hinge loss mentioned in [9] can also be adopted here. However,
considering the popularity for classification and simplicity for
optimization, we still employ the hinge loss for our model which
already achieves satisfactory performances as will be revealed in
the experimental section.
Remark 2: It can be easily proved that the upper bound shown in
Eq. (6) is tight regarding the original hinge loss `(z). The margins
between the right-hand side and left-hand side of Eq. (6) are 1,
1
2 (z + 1) and 0 when z > 1, −1 ≤ z ≤ 1 and z < −1,
respectively, which suggest that the difference between the two
sides of Eq. (6) is at most 1.
According to Eq. (6), the upper bound of R̂U (h, SU ) is
formulated as
n
1 X 1
RU (h, SU ) =
([1 − yi h(xi )]+ + [1 + yi h(xi )]+ )
n i=k+1 2
1
+ (1 − yi h(xi )).
2

Therefore, due to the tightness of this bound as explained in
Remark 2 and that R̂U (h, SU ) is lower bounded by 0, we may
replace the original R̂U (h, SU ) by its upper bound RU (h, SU )
in the empirical risk minimization framework. For notational simplicity, we slightly abuse the notation and directly use R̂U (h, SU )
to represent RU (h, SU ) in the following sections.

(7)

A NALYSIS OF N OISY N EGATIVE E XAMPLES

In this section, we give detailed analysis to the classification risk
on the corrupted negative examples in Sf
N (i.e. the original SU ).
Suppose that we have a linear classifier as hw (xi ) = hw, xi i
where w is the model parameter, then based on Eq. (7), we know
that

R̂U (h, SU ) =

n
1 X 1
([1 − yi h(xi )]+ + [1 + yi h(xi )]+ )
n i=k+1 2

1
+ (1 − yi h(xi ))
2
n
1 X 1
([1 − yi h(xi )]+ + [1 + yi h(xi )]+ )
=
n i=k+1 2
+
=

n
n−k 1
1 X
− hw,
yi xi i.
2n
2
n i=k+1

n
1 X
([1−yi hw, xi i]+ +[1+yi hw, xi i]+ )
2n i=k+1

−

n−k
hw, µ(SU )i + Const
2n

(8)
whereP “Const” is short Pfor “Constant”, and µ(SU ) =
n
n
1
1
i=k+1 mi = n−k
i=k+1 yi xi with mi = yi xi (i =
n−k
1, 2,· · ·, n) being a sample of the random variable M = Y X
drawn from the true distribution D. Note that µ(SU ) here is statistically meaningful and is defined as the centroid of true unlabeled
set which is related to the examples in SU with true labels yi and
true distribution D, and we can write µ(D) = E(X,Y )∼D [X, Y ].
According to the analysis of Eq. (6) in Section 4, we know
that the first summation term of Eq. (8) is label independent, and
only the second term containing µ(SU ) should be investigated to
deal with label noise as it is related to the unknown true labels
f = Ye X and its sample
yi . Therefore, by denoting the variable M
fi = yei xi (i = 1, 2,· · ·, n), we also define the centroid of corruptm
1 Pn
1 Pn
fi = n−k
ei xi
ed negative set µ(Sf
N ) = n−k
i=k+1 m
i=k+1 y
e
and µ(Dη ) = E(X,Ye )∼Dη [X, Y ] on the corrupted negative set
Sf
N and corrupted distribution Dη , respectively. Consequently, we
have the following theorem which bridges the centroid of true
unlabeled set µ(SU ) and that of corrupted negative set µ(Sf
N ),
namely:
Theorem 1. Given η as the label flipping probability and p as
the prior probability of true positive example defined in Eq. (3),
the relationship of means between the true distribution D and the
corrupted distribution Dη can be expressed as µ(Dη ) = (1 −
2pη)µ(D). Similarly, the example centroids of the true unlabeled
set SU and the corrupted negative set Sf
N have the relationship
)]
=
(1
−
2pη)µ(S
)
.
Eye1 ,...,yen [µ(Sf
N
U
This theorem is proved in the appendix. Note that we can
only observe the corrupted negative set Sf
N on the corrupted
distribution Dη rather than the true corresponding set SU on
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true distribution D, so it is fortunate to have Theorem 1 which
reveals that µ(Sf
N )/(1 − 2pη) is an unbiased estimate of µ(SU ).
However, the direct estimate of µ(SU ) via µ(Sf
N ) might be
inaccurate in our problem as the label noise in Sf
N will make
f quite large which may lead to the heavythe covariance of M
tailed distribution. To show this point, we use Σ(D) to denote the
covariance matrix of the random variable M on the distribution
f on
D, and employ Σ(Dη ) to represent the covariance matrix of M
the distribution Dη , then we have the following theorem (proved
in the appendix):
Theorem 2. The covariance matrices of M on the true distribuf on the corrupted distribution Dη (i.e.
tion D (i.e. Σ(D)) and M
Σ(Dη )) have the relationship

Σ(Dη ) = Σ(D) + 4pη(1 − pη)[µ(D)]> µ(D),

(9)

which suggests that the noisy labels with the nonnegative flipping
f larger than
probability η will make the covariance Σ(Dη ) of M
the covariance Σ(D) of M, which may lead to the deviated
estimation of µ(SU ) from µ(Sf
N ). Therefore, we further invesf
tigate the covariance matrix Σ(µ(Sf
N )) for the centroid µ(SN ) of
corrupted negative set, of which the empirical version is given in
the following theorem:
Theorem 3. Given Sf
N as the corrupted negative set, the empirical covariance matrix Σ̂(µ(Sf
N )) is formulated as
n
X

n
n
X
ei X xi yei
1
x>
i y
.
2−
n − k i=k+1 n − k i=k+1 n − k
i=k+1 (n − k)
(10)

Σ̂[µ(Sf
N )] =

f > f
f >
f
Σ(µ(Sf
N )) = E[[µ(SN )] µ(SN )]−[E[µ(SN )]] E[µ(SN )].
(11)
Besides, since
>
f
E[[µ(Sf
N )] µ(SN )] = E[[

1
n−k

n
X

yei xi ]>

i=k+1

1
n−k

n
X

yei xi ]

i=k+1

n
X
X
1
(
E[x>
E[yei yej x>
i xi ] +
i xj ]),
2
(n − k) i=k+1
i6=j

(12)
and
n
xi yei > X xi yei
] E[
],
n−k
n−k
i=k+1
i=k+1

E[yei yej x>
i x j ] = E[

n
X

(13)

we can easily get the covariance matrix by substituting Eqs. (12)
and (13) into Eq. (11).
As demonstrated by [15], the empirical covariance as Eq. (10)
is a good approximation of Σ(µ(Sf
N )), so it can be utilized
to constrain the variation of µ(Sf
N ) as will be shown in the
subsequent section.

6

Input: The corrupted negative set Sf
N ; the number of groups g with
g ≥ 1;
Output: The median-of-means estimator µ̂(Sf
N );
[2]
[g]
f [1] , Sf
1: Randomly partition Sf
, . . . , Sf
}
N into g groups {SN
N
N
with almost equal size;
[i]
2: Compute the empirical mean µ(Sf
N ) for each i ∈ [g];
[i]
f [j] ) } for each i ∈
3: Compute ri = medianj { µ(Sf
N ) − µ(SN
2
[g], and then set i∗ = arg mini∈[g] ri ;
[i∗ ]
f ).
4: return µ̂(Sf
N ) = µ̂(SN

Algorithm 2 Loss Decomposition and Centroid Estimation (LDCE) algorithm for PU learning
Input:
The
corrupted
sample
Se
=
{(x1 , ye1 ), . . . , (xk , yek ), (xk+1 , yek+1 ), . . . , (xn , yen )},
the
parameters η , λ and β ;
Output:
The optimal classifier parameter w;
1: Call Algorithm 1 to give an initial estimation of µ̂ = µ̂(Sf
N );
2: Compute Σ̂ = Σ̂(µ̂(Sf
N )) by Eq. (10);
3: Initialize w and set t = 0;
4: repeat
q
5: Calculate µ = µ̂+ Σ̂−1 w β/(w > Σ̂−1 w);
6: Use gradient descent method to solve
wt=arg min
w

x>
i xi

Proof. The definition of covariance matrix is

=

Algorithm 1 Median-of-means estimator of corrupted negative
mean

T HE P ROPOSED A LGORITHM

In this section, we formally present the proposed algorithm based
on the analyses in Sections 4 and 5.

+

k
n
1X
1 X
`(yei hw, xi i)+
ϕ(yei hw, xi i)
n i=1
2n
i=k+1

c
hw, µi + λkwk2 ;
1 − 2pη

7: t = t + 1;
8: until convergence;
9: return The converged w .

6.1

The Basic LDCE Algorithm

From Section 5, we know that in order to get the unbiased estimate
of centroid µ(SU ) of unlabeled set, we need to obtain the centroid
f
µ(Sf
N ) of the corrupted negative set SN . Due to the influence
f
of noise on the covariance of M discussed in Section 5, in this
paper we estimate µ(Sf
N ) by adopting the generalized median-ofmeans estimatorP
[44] rather than the traditional empirical version
n
1
ei xi . The basic idea is that the corrupted
µ(Sf
N ) = n−k
i=k+1 y
negative set Sf
is
randomly
broken up into g groups with almost
N
equal size, and then return the generalized median of example
means for each group under `2 -norm metric. In Algorithm 1, we
present the description of this process in detail.
To further reduce the adverse influence of label noise on
computing µ(Sf
N ), here we follow [15] and impose a constraint
on µ(Sf
N ) (µ for short in the following explanations), which is
>
f
f
(µ − µ̂(Sf
N )) Σ̂(µ̂(SN ))(µ − µ̂(SN )) ≤ β,

(14)

f
where µ̂(Sf
N ) is the output of Algorithm 1, Σ̂(µ̂(SN )) is computed by Eq. (10), and β can be tuned by cross-validation. Note that
in our method, we do not directly take µ̂(Sf
N ) as the final estimate
for µ, but regard µ as an unknown variable to be optimized. This
operation has two main advantages: 1) the obtained optimal µ
(i.e. µ? ) is allowed to vary around the preliminary estimation
µ̂(Sf
N ) slightly within a range suggested by the constraint (14),
f can be
so the unstable result caused by the large covariance of M
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suppressed; and 2) starting from the imprecise point µ̂(Sf
N ), the
optimal µ? can be automatically learned during the optimization
process. Consequently, our PU learning model is formalized as
k
n
1X
1 X
`(yi hw, xi i) +
ϕ(yi hw, xi i)
w,µ
n i=1
2n i=k+1
c
hw, µi + λkwk2 ,
+
1 − 2pη
>
f
f
s.t. (µ − µ̂(Sf
N )) Σ̂(µ̂(SN ))(µ − µ̂(SN )) ≤ β,

min

(15)

6.2

In this section, we extend the above LDCE model to non-linear
case by introducing the kernel trick, and the resulting algorithm
is then called “Kernelized LDCE” (KLDCE). Given the linear
decision function as f (x) = hw, xi + b = w> x + b where w
is the parameter vector and b is the bias term, by employing the
slack variables ξi and δi , Eq. (16) can then be reformulated as

w,µ,ξi ,δi

+ C(w> µ + b) + λkwk2 ,
>
f
f
s.t. (µ − µ̂(Sf
N )) Σ̂(µ̂(SN ))(µ − µ̂(SN )) ≤ β,
yei (w> xi + b) > 1 − ξi ,
yei (w xi + b) 6 δi − 1,

(16)

δi > 0, i = k + 1, · · · , n.
(23)
After introducing the dual variables α = (α1 , · · · , αn ), γ =
(γk+1 , · · · , γn ), and also the kernel function G(·), the dual
problem can be expressed as
n
X

max

This optimization problem Eq. (16) can be solved by the
Alternative Convex Search (ACS) method. To be specific, after
fixing µ, we can simply use the gradient descent algorithm to
solve the minimization problem on w, which is

α,γ,µ

+ ρβ.
(19)
By setting

∂L(µ,β)
∂µ

= 0, we can get

c
−1
(Σ̂(µ̂(Sf
w + µ̂(Sf
(20)
N )))
N ).
2ρ
By plugging Eq. (20) into Eq. (18), we have
c >
−1
min
w (Σ̂(µ̂(Sf
w,
N )))
ρ
2ρ
(21)
c2 >
−1
f
s.t.
w
(
Σ̂(µ̂(
S
)))
w
≤
β,
N
4ρ2
of qwhich
the
closed-form
solution
is
ρ
=
c
>
−1
f
− 2 w (Σ̂(µ̂(SN ))) w/β . By further plugging it into
Eq. (20), the solution of Eq. (18) is derived as
q
−1
−1 w).
f
µ = µ̂(Sf
)
+
(
Σ̂(µ̂(
S
)))
w
β/(w> (Σ̂(µ̂(Sf
N
N
N )))
(22)
The detailed procedure of above optimization process is presented
in Algorithm 2.
µ=

i=k+1

n

1 XX
αi αj yei yej G(xi , xj )
4λ i=1 j=1

−

n
n
1 X X
γi γj yei yej G(xi , xj )
4λ i=k+1 j=k+1

+

n
n
C X
C X
αi yei G(xi , µ) −
γi yei G(xi , µ)
2λ i=1
2λ i=k+1

C2
G(µ, µ)
2λ
>
f
f
s.t. (µ − µ̂(Sf
N )) Σ̂(µ̂(SN ))(µ − µ̂(SN )) ≤ β,
n
n
X
X
C−
αi yei +
γi yei = 0,

(18)

>
f
f
L(µ, β) =chw, µi − ρ(µ − µ̂(Sf
N )) Σ̂(µ̂(SN ))(µ − µ̂(SN ))

γi −

−

chw, µi,

To cope with this constrained optimization problem, this paper
introduces a Lagrangian variable ρ, and then the following formulation can be obtained, namely

n

n
X

n
n
1 X X
+
αi γj yei yej G(xi , xj )
2λ i=1 j=k+1

k
n
1 X
1X
`(yei hw, xi i) +
ϕ(yei hw, xi i)
w
n i=1
2n i=k+1
(17)
c
2
+
hw, µi + λkwk .
1 − 2pη
When w is fixed, after ignoring some constant terms, the optimization problem regarding µ can be expressed as

>
f
f
s.t. (µ − µ̂(Sf
N )) Σ̂(µ̂(SN ))(µ − µ̂(SN )) ≤ β.

αi +

i=1

min

µ

ξi > 0, i = 1, 2, · · · , n,

>

min

min

k
n
n
1X
1 X
1 X
ξi +
ξi +
δi
n i=1
2n i=k+1
2n i=k+1

min

where `(yi hw, xi i) = [1 − yi hw, xi i]+ , c = −(n − k)/2n,
ϕ(yi hw, xi i) = [1 − yi hw, xi i]+ + [1 + yi hw, xi i]+ , p =
k/n(1 − η), and the regularization term λkwk2 is employed to
avoid overfitting. Due to that the labels in positive set are clean
and ϕ(·) is an even function, Eq. (15) can be rewritten as
k
n
1 X
1X
`(yei hw, xi i) +
ϕ(yei hw, xi i)
w,µ
n i=1
2n i=k+1
c
+
hw, µi + λkwk2 ,
1 − 2pη
>
f
f
s.t. (µ − µ̂(Sf
N )) Σ̂(µ̂(SN ))(µ − µ̂(SN )) ≤ β,

The Kernelized LDCE Model

i=1

C1 ≥ αi ≥ 0,

i=k+1

C2 ≥ γi ≥ 0.

(24)
It is worth pointing out that Eq. (24) is a quadratic programming
problem regarding α and γ , and the subproblem regarding µ
can also be easily solved via the same way as in Section 6.1, so
Eq. (24) can be efficiently solved by employing the ACS and SMO
methods. The detailed derivations for the dual form in Eq. (24) and
its optimization process are put into the appendix. After solving
Eq. (24), we can get the final classifier as

f (x) =

n
n
1 X
1 X
γi yei G(x, xi )
αi yei G(x, xi ) −
2λ i=1
2λ i=k+1

(25)

1
−
CG(x, µ? ) + b,
2λ
where µ? is the optimal value of µ as explained above.

7

T HEORETICAL A NALYSES

In this section, we study the generalization ability of KLDCE
algorithm, and show that the empirical risk of an arbitrary classifier learned by KLDCE algorithm will converge to its expected
classification. The linear LDCE can be regarded as a special case
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of KLDCE with linear kernel, so the theoretical analyses presented
below are also applicable to LDCE.
Let φ : X → H be a mapping of input features to a Hilbert
space H with inner product h·, ·i, then a vector wH ∈ H can be
used to predict the label of x as y = hwH , φ(x)i. First of all, we
define the expected classification error of a classifier wH by
h
i
R(wH ) = E 1Y wH
(26)
> φ(X) ≤ 0 ,
where 1{.} is the indicator function that represents the 0-1 loss
function, and (X, Y ) stands for a pair of random variables
distributed from the unknown joint distribution D on the set X ×Y
which has been defined in Section 3.
Since there are only positive and unlabeled data available for
training, we need to rewrite the expected risk. We set
Z
R1 (wH ) = P (φ(X)|Y = 1)1wH
(27)
> φ(X)≤0 dφ(X)

Theorem 4. Assume that ∀x ∈ X , kφ(x)k ≤ B . Let ŵH be the
classifier parameter learned by the KLDCE algorithm. For any
δ > 0, with probability at least 1 − δ , we have
p
C ∗ B 2 + B C ∗ 2 B 2 + 4λ
ρ
√
R(ŵH ) − R̂ (ŵH ) ≤
ρλ k
s
p
C ∗ B 2 + B C ∗ 2 B 2 +4λ
ln(1/δ)
√
+
+
,
2n
ρλ n − k
(34)
(n−k)(1−η)
c
= n(1−η)−2kη
.
where C ∗ = − 1−2pη
Before providing the proof of this theorem, we present some
necessary definitions and lemmas in advance.
Definition 1. (Rademacher Complexity, [45]) Let θ =
{θ1 , . . . , θn } be a set of independent Rademacher variables
which are uniformly sampled from {−1, 1}. Let v1 , . . . , vn be an
independent distributed sample set and F a function class, then
the Rademacher complexity is defined as:

and

n

R−1 (wH ) =

Z

Rn (F) = Eθ [sup

f ∈F

P (φ(X)|Y = −1)1wH
(28)
> φ(X)≤0 dφ(X),

which denote the false positive risk and false negative risk,
respectively, and then we have

R(wH ) = E[1Y wH
> φ(X)≤0 ] = pR1 (wH ) + (1 − p)R−1 (wH ),
(29)
where p is the positive prior P (Y = 1). Moreover, we define the
risk on unlabeled set as
RU (wH ) = E[1wH
> φ(X)≥0 ]
Z
= P (φ(X))1wH
> φ(X)≥0 dφ(X)
Z
= (P (φ(X)|Y = 1)P (Y = 1)

1X
θi f (vi )].
n i=1

(35)

Lemma 1. (Generalization bound, [45]) Let F be a [0, 1] valued
function class on X and f ∈ F . Given X1 , · · · , Xn ∈ X are
i.i.d. variables, then for any δ > 0, with probability at least 1 − δ ,
we have
s
!
n
1X
ln(1/δ)
sup Ef (X) −
f (Xi ) ≤ 2Rn (F) +
.
n i=1
2n
f ∈F
(36)
Lemma 2. (Talagrand contraction Lemma, [45]) If ` : R → R is
Lipschitz continuous with constant Ω and satisfies `(0) = 0, then

Rn (` ◦ F) ≤ ΩRn (F),

(37)

where ` ◦ F represents the composition of ` and all f ∈ F .

+P (φ(X)|Y = −1)P (Y = −1))1wH
> φ(X)≥0 dφ(X)

Now we present the formal proof for Theorem 4.

= p(1 − R1 (wH )) + (1 − p)R−1 (wH ).
(30)
By combining Eqs. (29) and (30), we can obtain the expected risk
on PU datasets, namely

R(wH ) = 2pR1 (wH ) + RU (wH ) − p.

(31)

Furthermore, the empirical margin error of the classifier wH can
be defined as

R̂ρ (wH ) =

k
n
X
1
2p X
1wH
1 >
> φ(X)≤ρ +
k i=1
2(n − k) i=k+1 −wH φ(X)≤ρ

n
X
1
c
1 >
+
hwH , µφ i − p,
2(n − k) i=k+1 −wH φ(X)≥−ρ 1 − 2pη
(32)
where ρ is the margin, and µφ is the centroid of φ(X) where
X ∈ X.
Let ŵH be any classifier output learned by KLDCE algorithm,
we aim to derive the upper bound of the generalization error,
namely

+

R(ŵH ) − R̂ρ (ŵH ).

(33)

Proof. Firstly, we introduce the following functions that

if x ≥ ρ,

0
`ρ1 (x) = 1 − x/ρ if 0 ≤ x ≤ ρ,


1
otherwise,

if x ≤ −ρ,

0
ρ
`2 (x) = 1 + x/ρ if − ρ ≤ x ≤ 0,


1
otherwise,

(38)

(39)

where ρ is the margin as defined in Eq. (32) and the above
introduced functions Eqs. (38) and (39) are uniformly denoted
as `ρ (x). Let
>
R(`ρ ◦ wH ) = E[`ρ (Y wH
φ(X))]
(40)
ρ
= 2pR1 (` ◦ wH ) + RU (`ρ ◦ wH ) − p,

R̂(`ρ ◦ wH ) =

k
n
X
1
2p X ρ >
>
`1 (wH φ(Xi ))+
`ρ1 (−wH
φ(Xi ))
k i=1
2(n−k)
i=k+1

n
X
1
c
>
+
`ρ2 (−wH
φ(Xi ))+
hwH , µφ i − p,
2(n − k)
1 − 2pη
i=k+1

(41)
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where `ρ ◦ wH represents the composite function, and
Z
>
R1 (`ρ ◦ wH ) = P (φ(X)|Y = 1)`ρ1 (wH
φ(X))dφ(X),
(42)
and
Z

>
P (φ(X)|Y = 1)`ρ1 (−wH
φ(X))dφ(X).
(43)
It can be easily verified that R(wH ) ≤ R(`ρ ◦ wH ) and
R̂ρ (wH ) ≥ R̂(`ρ ◦ wH ), which imply that

RU (`ρ ◦ wH ) =

R(wH ) − R̂ρ (wH ) ≤ R(`ρ ◦ wH ) − R̂(`ρ ◦ wH ).

(44)

Let W be the set of all possible learned classifiers, then we have

R(wH ) − R̂ρ (wH ) ≤ sup (R(`ρ ◦ wH ) − R̂(`ρ ◦ wH )).

which is further marked as C ∗ . Thus, Eq. (50) can be converted to

λkwH k2 ≤ 1 + C ∗ hwH , µφ i.

Similarly, since µφ is the optimal solution for model, it is very
close to the true centroid of the mapped corrupted
negative set (i.e.
1 Pn
unlabeled set), which is µφ (φ(Sf
N )) = n−k
i=k+1 yei φ(xi ), so
we have

1 + C ∗ hwH , µφ i ≤ 1 + C ∗ hwH , µφ (Sf
N )i
∗
≤ 1 + C kwH kkµφ (φ(Sf
N ))k.

sup (R(`ρ ◦ wH ) − R̂(`ρ ◦ wH ))
wH ∈W

s
ρ

ρ

≤ 2RP (` ◦ wH ) + 2RU (` ◦ wH ) +

ln(1/δ)
,
2n

(46)

kµφ (φ(Sf
N ))k ≤

(47)

k
n
1 X
1X
[1−yi hwH , φ(xi )i]+ +
[1−yi hwH , φ(xi )i]+
n i=1
2n i=k+1

+

n
1 X
c
[1+yi hwH , φ(xi )i]+ +
hwH , µφ i+λkwH k2
2ni=k+1
1−2pη

≤

k
n
1X
1 X
[1−yi h0, φ(xi )i]+ +
[1−yi h0, φ(xi )i]+
n i=1
2ni=k+1

+

n
c
1 X
[1 + yi h0, φ(xi )i]+ +
h0, µφ i + λk0k2
2n i=k+1
1 − 2pη

= 1.
(49)

k
1
1X
>
E[ sup
θi wH
Xi ]
ρ wH ∈W k i=1

=

k
1
1X
E[ sup hwH ,
θi φ(Xi )i]
ρ wH ∈W
k i=1

c
hwH , µφ i.
1 − 2pη

(50)

− (n−k)
2n

Due to c =
and p = k/n(1 − η), where η denotes the
false negative rate P (Ye = −1|Y = 1), we have

−

c
(n − k)(1 − η)
=
,
1 − 2pη
n(1 − η) − 2kη

k
X
1
E[ sup kwH kk
θi φ(Xi )k]
ρk wH ∈W
i=1
p
k
X
C ∗ B + C ∗ 2 B 2 + 4λ
≤
E[k
θi φ(Xi k)]
2λρk
i=1
v
p
u k
X
2 C ∗B +
C ∗ 2 B 2 + 4λ u
t
≤
E[kφ(Xi )k2 ]
2λρk
i=1
p
C ∗ B 2 + B C ∗ 2 B 2 + 4λ
√
≤
,
2λρ k
(56)
where the 1st inequality holds because of the Cauchy-Schwarz
inequality, and the 2nd inequality holds because of the Jensen’s
inequality. Similarly, we have
p
∗ 2
C
B
+
B
C ∗ 2 B 2 + 4λ
(57)
√
RU (`ρ ◦ W) ≤
.
2λρ n − k
1

≤

By combining inequalities Eqs. (45), (46), (55) and (56), we can
get the result of Theorem 4.

This inequality implies that

λkwH k2 ≤ 1 −

1
RP (W)
ρ

=

and
n
X
1
>
φ(X))].
θi `ρ1 (−wH
wH ∈W n − k i=k+1
(48)
To obtain the upper bounds of the Rademacher complexities
in Eqs. (47) and (48), we firstly derive an upper bound for the
classifier in W . Specifically, due to the optimality of any wH ∈
W , we have

(54)

λkwH k2 − C ∗ BkwH k − 1 ≤ 0.
(55)
√
C ∗ B+ C ∗ 2 B 2 +4λ
by solving the
Therefore, we know kwH k ≤
2λ
above inequality.
Now, we are going to achieve the upper bounds of RP (`ρ ◦
wH ) and RU (`ρ ◦ wH ), respectively. Specifically, since the
function `ρ (x) is 1/ρ-Lipschtiz, by using Lemma 2, we have
RP (`ρ ◦ W) ≤

RU (`ρ ◦ wH ) = E[ sup

n
X
1
kyei kkφ(xi )k ≤ B.
n − k i=k+1

By combining Eqs. (52) and (53), we can obtain

where
k
1X ρ >
θi `1 (wH φ(X))]
RP (`ρ ◦ wH ) = E[ sup
wH ∈W k i=1

(53)

The following thing is to derive the upper bound of kµφ (φ(Sf
N ))k.
As kφ(x)k ≤ B , we have

wH ∈W

(45)
We are now going to achieve the upper bound of the defect R(`ρ ◦
wH ) − R̂(`ρ ◦ wH ). According to Lemma 1, with probability at
least 1 − δ , we have

(52)

(51)

As mentioned in Section 3, the parameter η is usually estimated from data in practical situations, so it might be slightly
deviated from its real value. Although the real value of η in
Theorem 4 is treated as known, the derived generalization bound is
also applicable even if η is estimated. Specifically, by denoting the
right-hand side of Eq. (34) as a function of η , i.e. ψ(η), we have
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PN Dataset

PU Dataset

（a）

（b）

WSVM 94.2%

uPU 99.0%

Incorrect
Incorrect
（d）

（c）

RP 97.8%

LDCE 100%

Incorrect

（e）

8.2

（f）

Fig. 2: The performances of various methods on synthetic dataset,
where red, blue and black dots denote positive, negative and unlabeled
data points, respectively. (a) shows the real positive and negative examples, (b) shows the positive and unlabeled data for model training,
(c)−(f) display the decision boundaries and classification accuracies
generated by WSVM [7], uPU [9], RP [47], and LDCE, respectively.
The incorrectly classified examples are highlighted by red circles.

that R(ŵH ) − R̂ρ (ŵH ) ≤ ψ(η) with probability 1 − δ . Furthermore, the false negative rate η can be estimated by methods for
mixture proportion estimation such as [40], [46]. According to the
Theorem 13 in [40], we know that under a mild condition of data
distribution p
(i.e., Definition 8 in [40]), with probability 1 − 4δ 0 ,
η ≤ η̂ + O( log(1/δ 0 )(min(k, n − k))−1/2 ) where η̂ is an empirical estimate for η . Therefore, under the same assumption, with
probabilityp1 − δ − 4δ 0 , we conclude that R(ŵH ) − R̂ρ (ŵH ) ≤
ψ η̂ +O( log(1/δ 0 )(min(k, n−k))−1/2 ) . This shows that for
the proposed method, the estimated ŵH and η̂ will converge to the
optimal ones when we have sufficient positive and unlabeled data.
The impact of the estimated η̂ on the final classification accuracy
will also be empirically studied in Section 8.6.

8

E XPERIMENTS

To demonstrate the effectiveness of our proposed LDCE and
KLDCE, in this section, we perform exhaustive experiments on
one synthetic dataset, nine publicly available benchmark datasets and three real-world datasets. Some state-of-the-art methods,
such as Weighted SVM (WSVM) [7], unbiased PU (uPU) [9],
non-negative PU (nnPU) [29], and Rank Pruning (RP) [47] are
employed as the competing methods.
8.1

distributions as shown in Figure 2 (a). In this dataset, there are 500
positive examples and 500 negative examples, and each Gaussian
constitutes a class. We randomly choose 40% (η = 0.4) of
the original positive examples and then combine them with all
negative examples to form the unlabeled set (see Figure 2 (b)).
We further run various PU learning methods on the dataset and
investigate whether these methods can yield accurate decision
boundary for separating true positive and negative examples. Since
this synthetic dataset is linearly separable, here we only compare
our proposed linear LDCE with other existing PU methods. Moreover, nnPU is also not compared as this method does not output
explicit linear decision function. As shown in Figure 2 (c)∼(f),
the results of various methods reveal that only our LDCE achieves
100% classification accuracy, which is higher than 94.2%, 99.0%,
and 97.8% obtained by WSVM, uPU and RP, respectively. Specifically, uPU, WSVM and RP fail to distinguish the ambiguous
examples near the potentially correct decision boundary, and many
positive examples are classified erroneously as negative by them.
Based on these results, it is clearly demonstrated that LDCE is
superior to other existing PU methods on this synthetic dataset.

Synthetic Dataset

To start with, we create a two-dimensional binary dataset composed of two clusters of data points generated from two Gaussian

UCI Benchmark Dataset

To further demonstrate the effectiveness of our proposed methods, next we conduct extensive experiments on nine benchmark
datasets from UCI machine learning repository [48], which include Vote, Balance, Breast, Australian, Banknote, Mushroom,
PhishingWebsites, Connect-4 and Skin. The brief information
of these datasets are presented in Table 1, which indicates the
number of examples n, the feature dimensionality d, the number
of positive examples n+ , and the number of negative examples n−
for each dataset. For multiclass dataset Connect-4, we regard the
first class of it as positive while the rest of the classes are regarded
as negative. Moreover, all data features are normalized to [−1, 1]
in advance.
For each dataset illustrated in Table 1, we partition it into
five subsets with almost equal size, which facilitates the subsequent five-fold cross validation. In each training round, we use
80% of the original examples for training while the rest 20%
examples are employed for testing. Note that the unlabeled set
is composed of the original negative set as well as 20%, 30% or
40% (i.e., η ∈ {0.2, 0.3, 0.4}) of positive training examples that
are randomly selected. Under each η , the formation of training
set is kept identical for every compared method to ensure fair
comparison. In LDCE and KLDCE, we choose the regularization
parameter λ from {2−4 , . . . , 24 }, and select the parameter β
from {0.1, 0.2, . . . , 0.9} via cross validation according to [15].
Moreover, for KLDCE, we select the bandwidth σ of kernel
function from {20 , 21 , 22 , 23 }. In uPU, the regularization parameter λ is selected from {10−3 , 10−2 , 10−1 , 100 , 101 }. For nnPU,
the parameter β for preventing the overfitting is tuned to the
default value 0 on all UCI benchmark datasets. Besides, when
implementing uPU and nnPU, we add the positive data back to
the unlabeled set to satisfy the sampling requirement of these two
methods.
Table 2 summarizes the test results of compared methods
averaged over the five trials. Furthermore, we also apply the
paired t-test with significance level 0.05 to investigate whether
our approach is significantly better than other methods. From the
results on all datasets except Mushroom, we observe that our two
proposed methods LDCE and KLDCE are superior to other PU
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TABLE 1: The characteristics of nine UCI datasets.
Dataset

n

d

n+

n−

Vote
Balance
Breast
Australian
Banknote
Mushroom
PhishingWebsites
Connect-4
Skin

435
625
683
690
1372
8124
11055
67557
245057

16
4
10
14
4
112
30
42
3

267
288
143
370
610
3916
6157
44473
50859

168
337
540
383
762
4208
4898
23084
194198

methods in most cases. For Mushroom data, the performances
of nnPU and RP are better than LDCE, but it is still not as
good as KLDCE. Table 2 reveals that our approach KLDCE is
consistently the best method among all compared methods except
on Banknote dataset. Instead, our linear LDCE model achieves the
top level performance on Banknote. Therefore, the results reveal
that introducing kernel function can generally help to obtain an
improved non-linear classifier.
8.3

Real-world Data

To further evaluate the ability of LDCE and KLDCE in handling
complex practical problem, we also conduct the experiments on
three real-world datasets, including USPS1 , HockeyFight2 and
NBA3 datasets. For the experiments on each dataset, we also
investigate the test accuracies of our two approaches (LDCE and
KLDCE) and other state-of-the-art PU methods.
8.3.1 Handwritten Digit Recognition
The USPS dataset is used to assess the ability of various PU
learning methods in recognizing the handwritten digits. In this
dataset, there are 9298 digit images belonging to 10 classes,
i.e., the digits “0”-“9”. We adopted the 256-dimensional pixelwise feature, in which every dimension represents the gray value
of corresponding pixel, and the resolution of all images is 16×16.
In this paper, the digit images of “0” are regarded as positive,
while the rest of the digit images are viewed as negative examples.
Therefore, this dataset has 1553 positive examples and 7745
negative examples, and such class imbalance will pose a great
challenge for the compared methodologies. Furthermore, we also
adopt the same experimental setting as described in Section 8.2 to
form the positive set and unlabeled set.
For KLDCE, under η = 0.2, we set λ = 5, β = 0.7 and
σ = 5 to get the best performance. Similarly, to obtain satisfactory
results, we set λ = 5, β = 0.9 and σ = 5 when η = 0.3 and
η = 0.4. In nnPU, the parameters are set as γ = 1 and β = 0.2
for η = 0.2. In the situations under η = 0.3 and η = 0.4, the
parameters of nnPU are optimally tuned as γ = 0.2 and β = 0.2.
In uPU, the parameter β is adaptively determined as 0.021, 0.003
and 0.167 when η = 0.2, η = 0.3 and η = 0.4, respectively.
The obtained test accuracies of various methods are reported
in Table 3, from which we observe that our proposed approaches
LDCE and KLDCE are always the two best methods among all
methods under different η . In particular, the proposed KLDCE
achieves very high accuracy of 91.9% even when 40% positive
examples are mixed to the unlabeled set, which is a very impressive result. The results shown in Table 3 also demonstrate the
1. http://www.cad.zju.edu.cn/home/dengcai/Data/MLData.html
2. http://visilab.etsii.uclm.es/personas/oscar/FightDetection/index.html
3. https://data.world/exercises/logistic-regression-exercise-1

Fighting

NonFighting

Fig. 3: Examples of fighting and non-fighting video frames in HockeyFight dataset.

effectiveness of our proposed approach in dealing with imbalanced
data.
8.3.2 Violent Behavior Detection
Nowadays, there is a surge of research interests in detecting
the violent behavior in intelligent surveillance system due to
the great practical value. In this section, we apply the proposed
approach and other PU methods on the HockeyFight dataset for
fight behavior detection. The HockeyFight dataset is composed of
1000 video clips collected in ice hockey competitions, of which
500 contain fight behavior and 500 are non-fight sequences. Some
examples of this dataset are shown in Figure 3.
We try to classify the video clips as fighting and non-fighting
by using various PU learning methods including WSVM, uPU,
nnPU, RP, our LDCE and KLDCE. Similar to [49], after adopting
the space-time interest point (STIP) and motion SIFT (MoSIFT) as
action descriptors, each video clip of the dataset can be represented
as a histogram over 100 visual words by further using the Bagof-Words (BoW) quantization. Therefore, every clip belonging to
the dataset was characterized by a 100-dimensional feature vector.
Similar to the setting in Section 8.2, the proportions of training
examples and test examples are also respectively maintained as
80% and 20%, and the dataset partitions are kept identical for all
compared methods.
For the experiments on this dataset, the key parameters in
LDCE or KLDCE are set to λ = 9, β = 0.3 and σ = 2 when
η = 0.2 and 0.3. When η is equal to 0.4, the regularization
parameter λ is adjusted to 7, and the parameter β and σ are set to
the same value as those for η = 0.2 and η = 0.3. In nnPU, the
parameters are set as γ = 1 and β = 0.
Table 3 presents the test accuracies rendered by the compared
methods, which clearly validate the top-level performance of
our two proposed methods (LDCE and KLDCE) among all the
approaches in this dataset. It can be observed that our LDCE and
KLDCE are able to generate very impressive results even though
a large number of positive examples are “hidden” in the original
unlabeled set (e.g. η = 0.4), which outperforms other methods
with noticeable margins.
8.3.3 Prediction of Career Longevity for NBA Rookies
Based on the statistics of NBA rookies, which players are potentially able to have 5 years or more career longevity? To
study this problem, we adopt the NBA dataset in which the
real statistics of NBA players are provided. The NBA dataset is
composed of 1340 examples (i.e., players) and each example has
22 different attributes. The attributes include “Games Played”,
“Minutes Played”, “Points Per Game”, “Field Goal Made”, “Three
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√
TABLE 2: Comparison of the mean test accuracies of various approaches on UCI datasets. The black “ ” (“×”) denotes that our KLDCE
approach is significantly√better (worse) than the corresponding existing methods revealed by the paired t-test with significance level 0.05.
Similarly, the magenta “ ” (“×”) denotes that our LDCE approach is significantly better (worse) than the corresponding existing methods
revealed by the paired t-test. The best and second best results on each dataset are indicated in red and blue, respectively.
Dataset

η

0.2
0.3
0.4
0.2
Balance
0.3
0.4
0.2
Breast
0.3
0.4
0.2
Australian
0.3
0.4
0.2
Banknote
0.3
0.4
0.2
Mushroom
0.3
0.4
0.2
PhishingWebsites 0.3
0.4
0.2
Connect-4
0.3
0.4
0.2
Skin
0.3
0.4
Vote

WSVM [7]

uPU [9]

√√
0.876 ± 0.04 √ √
0.862 ± 0.05 √ √
0.801 ± 0.09
√√
0.853 ± 0.03 √ √
0.773 ± 0.12 √ √
0.629 ± 0.05
√√
0.947 ± 0.01 √
0.802 ± 0.02 √ √
0.794 ± 0.01
√√
0.810 ± 0.04 √ √
0.828 ± 0.01
0.832 ± 0.04
√√
0.966 ± 0.01 √ √
0.953 ± 0.02 √ √
0.937 ± 0.01
√√
0.658 ± 0.09 √ √
0.688 ± 0.09 √ √
0.643 ± 0.01
√√
0.794 ± 0.03 √ √
0.691 ± 0.06 √ √
0.625 ± 0.03
√√
0.664 ± 0.02 √ √
0.558 ± 0.03 √ √
0.563 ± 0.03
√√
0.791 ± 0.05 √ √
0.789 ± 0.03 √ √
0.789 ± 0.02

0.899 ± 0.02
0.893 ± 0.02 √
0.821 ± 0.03
√√
0.853 ± 0.04 √
0.819 ± 0.12 √
0.711 ± 0.04
√
0.962 ± 0.02 √ √
0.836 ± 0.02 √ √
0.825 ± 0.02
√
0.840 ± 0.03 √ √
0.835 ± 0.03 √ √
0.828 ± 0.04
√√
0.969 ± 0.01 √ √
0.960 ± 0.01 √ √
0.958 ± 0.00
√
0.841 ± 0.01 √
0.787 ± 0.01 √ ×
0.728 ± 0.01 ×
√√
0.819 ± 0.01 √ √
0.806 ± 0.01 √ √
0.782 ± 0.01
√√
0.687 ± 0.03 √ √
0.651 ± 0.01 √ √
0.637 ± 0.00
√√
0.833 ± 0.02 √ √
0.826 ± 0.02 √ √
0.816 ± 0.02

nnPU [29]

RP [47]

0.896 ± 0.02 √ √
0.883 ± 0.03 √ √
0.808 ± 0.05
√√
0.850 ± 0.04 √ √
0.787 ± 0.06 √
0.716 ± 0.07
√√
0.956 ± 0.03
0.842 ± 0.01 √
0.837 ± 0.02
√
0.856 ± 0.02 √
0.853 ± 0.02 √
0.848 ± 0.03
0.971 ± 0.02
0.970 ± 0.06 √ √
0.965 ± 0.01
√
0.918 ± 0.00 √ ×
0.865 ± 0.01 √ ×
0.782 ± 0.01 ×
√√
0.834 ± 0.01 √
0.825 ± 0.00 √
0.819 ± 0.01
√√
0.725 ± 0.01 √
0.691 ± 0.01 √
0.681 ± 0.00
√√
0.843 ± 0.01 √ √
0.838 ± 0.00 √ √
0.818 ± 0.00

0.897 ± 0.05
0.890 ± 0.02 √
0.821 ± 0.02
√√
0.858 ± 0.03 √ √
0.773 ± 0.13 √
0.713 ± 0.03
√√
0.934 ± 0.04 √
0.839 ± 0.02 √ √
0.815 ± 0.03
√
0.858 ± 0.01
0.858 ± 0.03 √
0.849 ± 0.03
√√
0.963 ± 0.01 √ √
0.963 ± 0.01 √ √
0.959 ± 0.01
√
0.912 ± 0.01 √ ×
0.849 ± 0.01 √ ×
0.801 ± 0.01 ×
√
0.835 ± 0.01
0.827 ± 0.01 √ √
0.790 ± 0.01
√√
0.700 ± 0.00 √ √
0.671 ± 0.00 √ √
0.643 ± 0.00
√√
0.864 ± 0.01 √ √
0.859 ± 0.02 √
0.859 ± 0.01

LDCE

KLDCE

0.901 ± 0.03
0.894 ± 0.04
0.823 ± 0.05

0.906 ± 0.03
0.901 ± 0.03
0.892 ± 0.04

0.910 ± 0.02
0.827 ± 0.03
0.721 ± 0.03

0.922 ± 0.01
0.882 ± 0.03
0.842 ± 0.02

0.974 ± 0.02
0.845 ± 0.03
0.845 ± 0.04

0.985 ± 0.01
0.866 ± 0.01
0.860 ± 0.03

0.849 ± 0.03
0.852 ± 0.02
0.851 ± 0.02

0.871 ± 0.02
0.865 ± 0.02
0.863 ± 0.02

0.977 ± 0.01
0.975 ± 0.02
0.973 ± 0.01

0.975 ± 0.01
0.972 ± 0.02
0.968 ± 0.02

0.849 ± 0.03
0.750 ± 0.01
0.658 ± 0.05

0.921 ± 0.02
0.866 ± 0.02
0.832 ± 0.02

0.840 ± 0.02
0.827 ± 0.02
0.821 ± 0.01

0.842 ± 0.02
0.832 ± 0.02
0.830 ± 0.02

0.740 ± 0.03
0.703 ± 0.02
0.695 ± 0.02

0.813 ± 0.01
0.781 ± 0.03
0.742 ± 0.02

0.886 ± 0.02
0.875 ± 0.02
0.864 ± 0.03

0.950 ± 0.01
0.946 ± 0.01
0.939 ± 0.02

TABLE 3: Comparison of test accuracies of various approaches on three real-world datasets including USPS, HockeyFight and NBA. The best
two results on each dataset are indicated in red and blue, respectively.
Dataset

(n, d)

USPS

(9298, 256)

HockeyFight

(1000, 100)

NBA

(1340, 20)

η

WSVM [7]

uPU [9]

nnPU [29]

RP [47]

LDCE

KLDCE

0.2
0.3
0.4
0.2
0.3
0.4
0.2
0.3
0.4

0.925
0.743
0.812
0.841
0.780
0.681
0.621
0.721
0.654

0.931
0.907
0.897
0.847
0.789
0.748
0.672
0.714
0.686

0.921
0.902
0.892
0.851
0.782
0.745
0.672
0.706
0.677

0.931
0.908
0.892
0.858
0.788
0.750
0.670
0.688
0.687

0.934
0.911
0.901

0.971
0.925
0.919

0.860
0.791
0.752

0.881
0.815
0.785

0.724
0.729
0.714

0.681
0.725
0.690

Point Made”, and so on. The label is 1 if career length of the
corresponding player is longer than 5 years, otherwise the label is
-1. Similar to previous experiments, here we also transform this
problem to PU problem with η = {0.2, 0.3, 0.4}. The training set
is made up of 80% examples of the entire “NBA” dataset while the
rest examples are used for testing.
The results of the test accuracies for various PU methods are
described in Table 3. We see that our two methods LDCE and
KLDCE achieve comparable performance on this dataset, and they
are much better than other state-of-the-art PU methods no matter
how many positive examples are integrated to the unlabeled set.

study. In our KLDCE model (i.e. Eq. (23)), there are two tradeoff parameters β and λ that should be pre-tuned manually. In our
experiments, we examine the test accuracy by varying one of β and
λ, and meanwhile fixing the other one to a constant value. In the
experiments, the parameter β is changed from 0.1 to 0.9 and the
parameter λ ranges from 2−4 to 24 . The results on three real-world
datasets with η ranging from 0.2 to 0.4 are shown in Figure 4.
From this figure, we observe that the modification of these two
parameters will not heavily influence the output of our method,
therefore they can be easily tuned for practical implementations.
8.5

8.4

Parametric Sensitivity

In this subsection, we will discuss the parametric sensitivity of our
model in detail. Here we only present the results of KLDCE, as
LDCE has similar behavior with KLDCE. Specifically, three realworld datasets USPS, HockeyFight and NBA are adopted for our

The Necessity of Constraint (14)

In Section 5, we theoretically explained that the imposed constraint (14) is critical for our method to accurately estimate the
centroid of unlabeled set µ. In this part, we empirically justify
the importance of (14) by comparing the performances of our
method (including LDCE and KLDCE) when the constraint (14)
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0.971

0.925

USPS

0.880

0.919
0.893

0.911

(b)

(a)
0.881

(c)

0.810
0.768

Hockey
Fight

0.785

0.835
0.751

(d)

(e)

(f)

0.725

0.681

0.690

NBA
0.667
0.668

0.662

(g)

(h)

η=0.2

η=0.3

(i)

η=0.4

Fig. 4: The parametric sensitivity of β and λ of our KLDCE method when the false negative rate η changes from 0.2 to 0.4. (a)-(c), (d)-(f) and
(g)-(i) present the results on USPS, HockeyFight and NBA datasets, respectively. The highest accuracy and lowest accuracy in each subfigure
are indicated by red number and green number accordingly.
TABLE 4: Comparison of test accuracies generated by LDCE and
KLDCE when the constraint (14) is present and absent. The abbreviation “con.” is short for “constraint”.
Dataset

USPS

HockeyFight

NBA

η

LDCE
(no con.)

LDCE

KLDCE
(no con.)

KLDCE

0.2
0.3
0.4
0.2
0.3
0.4
0.2
0.3
0.4

0.908
0.831
0.825
0.753
0.721
0.698
0.647
0.632
0.621

0.934
0.911
0.901
0.860
0.791
0.752
0.724
0.729
0.714

0.917
0.876
0.841
0.823
0.759
0.735
0.673
0.651
0.621

0.971
0.925
0.919
0.881
0.815
0.785
0.681
0.725
0.690

is present and absent. The above three real-world datasets USPS,
HockeyFight and NBA are employed, and the experimental results
are illustrated in Table 4. It clearly shows that the performance of
either LDCE or KLDCE drops dramatically when the constraint is
removed, therefore the importance of imposing this constraint for
learning a suitable µ is validated.
8.6

The Impact of Inexact η

As mentioned previously, the flipping probability η defined in
Eq. (1) might be unknown under practical applications, so it should
be estimated via some off-the-shelf methodologies. However, such
estimation can be inaccurate, therefore here we investigate how
the classification accuracy of our method is influenced by the
inaccurate η̂ . The three real-world datasets USPS, HockeyFight

and NBA with the actual value η = 0.3 are employed, and we
observe the test accuracies of our method (including LDCE and
KLDCE) as well as other compared approaches under the grid
η̂ = {0.6η, 0.8η, η, 1.2η, 1.4η}. WSVM is not tested here as this
method does not need to estimate the parameter η . The results
are presented in Figure 5, which suggests that all approaches
are influenced by the inaccurate estimate of η . However, their
performances will not severely decrease when the estimated η̂ is
slightly deviated from the real value η .

9

C ONCLUSION

In this paper, we propose a novel PU learning algorithm dubbed
“Loss Decomposition and Centroid Estimation” (LDCE), of which
the target is to accurately train a binary classifier by only leveraging positive data and unlabeled data. Firstly, we treat all unlabeled
data as negative with false negative labeling error and convert
PU Learning to the learning problem with noisy labels. Secondly,
we utilize the techniques of loss decomposition and centroid
estimation to handle this problem. Based on loss decomposition,
we shed light on that the unbiased estimate of unlabeled data
centroid helps to reduce the adverse effect of noise. Furthermore,
we extend the basic linear LDCE algorithm to the kernerlized
version to deal with non-linear cases, and the induced algorithm
is named “Kernerlized LDCE” (KLDCE). We theoretically show
that KLDCE has a good generalization ability. Finally, the experimental results on both synthetic and practical datasets reveal that
the proposed methods (LDCE and KLDCE) are more effective
than the state-of-the-art PU learning methods.
Since our KLDCE involves the computation of kernel which
is usually slow, in the future we may design an acceleration
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0.80

0.70
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（a）

1.2

1.4
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0.92
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0.60

0.50

0.6
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η̂
（b）

1.2

1.4
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0.40

0.6

0.8



η̂
（c）

1.2

1.4

Fig. 5: The performances of uPU, nnPU, RP, LDCE and KLDCE under η̂ = {0.6η, 0.8η, η, 1.2η, 1.4η} where the actual value of η is 0.3. The
subfigures (a), (b) and (c) present the results on USPS, HockeyFight and NBA datasets, respectively.

strategy like [50] to make our method scalable to large-scale
datasets. Besides, considering that the positive data in SP are often
not uniformly sampled from the positive distribution in practical
situations, we may further investigate the case of biased positive
data sampling where only a fraction of definite positive examples
are initially annotated.
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